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The channel fracturing technique is a Schlumberger's recent development in 
the area of hydraulic fracture stimulations, which allows for discontinuous 
proppant placement within the fracture opening. The discontinuous placement of 
proppant creates a highly conductive network of interconnected open channels, 
which can significantly increase the overall fluid conductivity of the fracture. 
Modelling, analysis and prediction of the fluid conductivity of openings created 
using the channel fracturing technique is of a great interest in both industrial and 
research contexts. Subsequently, the main objective of this research is to study the 
channel fracturing technique. Specific aims include the investigation of the effects 
of different confining stress, proppant placement patterns, and mechanical 
properties of the rock formation and proppant on the enhancement of the fluid 
conductivity.  
The general methodology adopted in this thesis is based on the Distributed 
Dislocation Technique, which is a powerful analytical tool for the analysis of 
fracture problems. To meet the main objective, a number of nonlinear 
mathematical models were developed to predict the fluid conductivity. These 
models are presented in separate chapters of this thesis. A number of case studies 
were considered for typical combinations of mechanical properties of rock and 
proppant, proppant placement patterns as well as confining stress conditions. It 
was demonstrated that an appropriate selection of proppant and its placement 
pattern within the openings can significantly increase the well production rates, 
which is essentially the ultimate goal of hydraulic fracture stimulations. 
From practical point of view, the outcomes of this thesis can provide a 
valuable guidance for designing efficient proppant injection schedules and 
selecting a suitable proppant type in order to maximise the well productivity, 
decrease environmental impact as well as to reduce the overall cost of oil and gas 




The main body of the thesis represents a compendium of papers submitted to 
or published in international journals or conference proceedings. These papers are 
united by the same topic as well as the research methodology mentioned above. 
The percentage and contribution of the candidate are specified in the 
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Hydraulic fracturing is a well stimulation technique that is commonly used to 
enhance the production of underground resources, such as oil, natural gas, 
geothermal energy and water. The application of this technology has opened up 
vast unconventional energy resources, including low permeability shale 
formations, coal seam gas, and tight-sand reservoirs. The technique has 
contributed significantly to the success of petroleum industries across the world. 
Over the last ten years, the natural gas production of the United States increased 
by more than 30%, and in 2012, the total production from unconventional 
reservoirs was 34% of the total hydrocarbon production (d'Huteau et al. 2011). In 
Australia, the recent transition from conventional reservoirs to unconventional 
reservoirs recently has increased attention to the hydraulic fracturing technologies 
(Medvedev et al. 2013). This chapter introduces the basic concepts of hydraulic 
fracturing techniques, the significance of this research, and the main objectives of 
the current thesis. 
1.1. Hydraulic fracturing techniques 
Hydraulic fracturing involves fluid injection into the wellbore to initiate new 
fractures in the rock and widen the existing natural fractures. Granular particles 
called “proppants”, are mixed with the fracturing fluid and injected into the 
fracture to hold open, or “prop” the fracture once the fracturing fluid pressure is 
relieved. The proppant-filled fracture provides a narrow but very conductive 
pathway for fluid flow from the rock formation towards the wellbore (Bortolan et 
al. 2015), and significantly increases the well productivity (Khanna et al. 2014). 
Since the early application of hydraulic fracturing, producers have tried to 
create a continuous proppant pack along the entire fracture length. However, 
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maintaining the high fluid conductivity of the proppant pack over the lifetime of a 
fluid producing well represents a major challenge for the industry. To overcome 
this challenge, early pioneers, Darin and Huitt (1960) proposed using a single layer 
of proppant, and Tinsley and Williams (1975) suggested discontinuous placement 
of multiple proppant layers. Both concepts envisaged the creation of a network of 
open channels, which can provide alternative pathways for gas or fluid to flow 
freely within the fracture (Bedrikovetsky et al. 2012; Khanna et al. 2013). The 
concept of discontinuous proppant placement was implemented in practice 
recently, with the development of the open-channel fracturing technique by 
Schlumberger scientists (d'Huteau et al. 2011; Medvedev et al. 2013).  
The conductivity of the open channels is several orders higher than the 
conductivity of the porous proppant pack and it is estimated that fractures creating 
using open-channel fracturing have a higher initial and long-term conductivity 
than conventional fractures filled with a continuous proppant pack (d'Huteau et al. 
2011). Between the years 2010-2013, more than 10,000 open-channel fracturing 
treatments had been successfully performed in shale-carbonate and sandstone-rich 
reservoirs in various countries (Medvedev et al. 2013). The collective data shows 
two common trends, namely a reduction in proppant use and an improvement in 
the average initial and long term well productivity when compared to continuous 
proppant placement (Medvedev et al. 2013). 
1.2.  Research motivation and objectives 
For the petroleum industries, the demand for economic efficiency has drawn 
great interest towards improving the hydraulic fracture conductivity for both 
conventional fracturing techniques and the novel channel fracturing technique 
(Bortolan Neto et al. 2015). Among many parameters, the conductivity of a 
hydraulic fracture strongly depends on the response of the proppant pack under 
compressive in-situ stresses as well as the placement of proppant within the 
fracture (Khanna et al. 2014). Modelling the influence of these parameters on the 
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fracture opening and conductivity can facilitate the optimal real-world 
implementation and significantly improve the economic efficiency of the hydraulic 
fracturing procedures.  
Although a wealth of literature exists on this topic, some of the most widely 
utilised models suffer from drawbacks highlighted in Chapter 2. The overall aim 
of this research is to develop and validate an advanced and more realistic 
modelling approach for analysing the effectiveness of the channel fracturing 
technique under various reservoir conditions. The overall aim can be separated 
into the following objectives: 
1) Develop an empirical model to describe the combined effect of proppant 
consolidation and embedment upon the net residual opening of the proppant-
filled fractures under compressive loading. The model must describe the 
nonlinear consolidation response of a wide range of proppants under uniaxial 
compression. It must also describe the dependence of the embedment depth 
upon the confining stress. The model is to be calibrated using experimental 
data. 
2) Develop an analytical model, based on the Distributed Dislocation Technique, 
for obtaining the residual opening profile of hydraulic fractures with a 
discontinuous distribution of proppant columns. Perform an extensive 
parametric study to investigate the effects of the mechanical properties of the 
rock and proppant column, and the in-situ stresses. 
3) Develop an analytical model for evaluating the effective fluid conductivity of 
a heterogeneous medium composed of porous proppant columns and open 
channels. The model will provide upper and lower bounds for the effective 
fluid conductivity of the fracture as a function of the residual opening of the 
channels and the permeability of the proppant pack.  
4) Integrate the analytical models developed in objectives (2) and (3) to identify 
the optimal proppant column spacing which maximises the effective fracture 
conductivity of given reservoir conditions and rock and proppant mechanical 
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properties.  
5) Validate the outcomes of the modelling approach by comparing the 
theoretically obtained tendencies with field observations and previous 
engineering estimations. Due to a scale-effect and certain modelling 
assumptions, it is not possible to directly compare the theoretical outcomes 
with experimental data obtained for laboratory-scale specimens. 
1.3.  Organization of the thesis 
The thesis is organised in seven chapters and the contents of each chapter are 
summarised below: 
Chapter 1 starts with a brief description of hydraulic fracturing and its 
contribution to the growth of petroleum industries across the world. In addition, 
the channel fracturing technique, which is the focus of the current thesis, is briefly 
introduced in this chapter. The economic incentives of cost-efficient oil and gas 
production is introduced as the motivation for the present work and previous 
modelling studies. Finally, the research objectives of this thesis are identified, with 
the overall aim to develop advanced analytical models for the residual opening and 
conductivity of open-channel fractures under different reservoir conditions. The 
modelling outcomes can guide the design of optimal hydraulic stimulations. 
Chapter 2 provides a detailed overview of the various stages of conventional 
and open-channel hydraulic fracturing treatments. The processes of fracture 
initiation and propagation, as well as fluid and proppant transport in the fracture, 
are described. Following that, hydraulic fracture propagation models of varying 
complexity are reviewed, ranging from simplified 2D analytical models to more 
sophisticated 3D numerical models. Some of the shortcomings of existing 
modelling approaches are discussed and the research gaps to be addressed in the 
thesis are identified.  
Chapter 3 provides an overview of Linear Elastic Fracture Mechanics (LEFM) 
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and describes the research methodology, which is based on the Distributed 
Dislocation Technique (DDT). The method for deriving singular integral equations 
for crack problems using DDT and the numerical procedures for solving singular 
equations are also discussed. 
Chapter 4 considers the problem of a partially-filled hydraulic fracture created 
in a hard rock formation, i.e. the effect of proppant embedment into the rock is 
excluded from the analysis. The problem geometry is idealised as two-dimensional 
and periodic and the governing equations are derived for a unit-cell of the periodic 
geometry. The integral equation is reduced to a system of nonlinear algebraic 
equations by using Gauss-Chebyshev quadrature, which are solved numerically 
using the Newton-Raphson iteration. An extensive parametric study is conducted 
to investigate the influence of the proppant column size and the space between 
columns on the fracture residual opening as well as fracture conductivity. 
Chapter 5 further extends the parametric study conducted in Chapter 3 to 
investigate the effect of the rock Young’s modulus on the optimal values of 
proppant column spacing and effective fracture conductivity. It is demonstrated 
that the benefits of the channel fracturing technique, i.e. increased fracture 
conductivity and reduced proppant use, are most pronounced for rock formations 
with high Young’s modulus. The obtained results are used to identify the range of 
rock Young’s modulus for which the implementation of the channel fracturing 
technique is suitable. 
Chapter 6 considers the same problem geometry as Chapters 3 and 4, but the 
further develops the problem formulation and modelling approach to incorporate 
the effect of proppant embedment into the rock. This development is essential for 
modelling channel fracturing in soft rock formations, where the influence of 
proppant embedment on the fracture residual opening is significant. A parametric 
study is conducted to demonstrate the interplay between proppant consolidation 
and proppant embedment and their combined influence on the residual opening 
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and conductivity of the fracture. The outcomes can guide the selection of the 
optimal proppant column spacing in soft rock formations. 
Chapter 7 considers the more realistic non-periodic problem geometry, where 
the proppant column spacing as well as the confining stress can vary along the 
length of the fracture. It is proposed that the numerous discrete proppant columns 
along the fracture length can be replaced by a continuous distribution of nonlinear 
springs. A homogenisation procedure, based on the energy conservation principle, 
is developed to determine the "traction law" i.e. the load-displacement relationship 
for the continuous distribution of nonlinear springs in terms of the “unit-cell” 
solution presented in the earlier chapters. 
Chapter 8 presents the concluding remarks and recommendations for future 
work. Based on the work completed in this thesis, it only remains to solve the 
boundary value problem for a hydraulic fracture supported by uniformly 
distributed springs between the crack-faces, which satisfy the traction law obtained 
in Chapter 6. The lengthwise variation of the initial fracture opening, fluid 
pressure within the fracture, remote in-situ stress normal to the fracture plane and 
irregular proppant column spacing can be incorporated at this stage. The method 
of solution of the latter boundary problem would be the same as developed in 
Chapters 3-5. 
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Chapter 2 
Mechanics of Hydraulic Fracturing 
Hydraulic fracturing is a stimulation technique widely adopted in the oil, gas 
and some other industries for enhancement of the permeability of low-permeable 
reservoirs. Successful application of this technique has significantly increased the 
production rate and efficiency of oil and gas wells. Presently, the main issue faced 
by the petroleum industry is minimising the cost of this technique and reducing the 
risk of environmental damage due to its implementation. Consequently, much 
research effort has been directed to predicting the stimulation outcomes and 
selecting the optimal parameters for particular conditions and applications. In this 
literature review, it is impossible to cover every aspect of this stimulation 
technique. It will focus only on specific issues that are important for the current 
work, namely: background on hydraulic Fracturing, open-channel hydraulic 
fracturing and modelling of hydraulic fracturing processes. 
2.1. Background to Hydraulic Fracturing 
The history of the technology began in the 1930s, with the Dow Chemical 
Company exploring how rock formations can be cracked and deformed by using 
downhole fluid pressure, so that the efficiency of acid stimulation is significantly 
increased (Grebe & Stoesser 1935). The first hydraulic treatment performed in 
1947 by the Stanolind Oil and Gas Corporation in Kansas showed that this 
technique was more effective than the current technology of the time, well 
acidizing (Adachi et al. 2007). Since then, hydraulic fracturing techniques have 
been used in a variety of field conditions. Annually, thousands of hydraulic 
fracture treatments are successfully performed in diverse geological regions.  
The American Petroleum Institute reports that the hydraulic fracturing 
technique has been applied to more than 1.1 million wells in U.S since 1940 
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(Adams & Rowe 2013). According to Montgomery and Smith (2010), the number 
of hydraulic fracturing treatments performed globally is approximately 2.5 million, 
and approximately 60% of the total number of wells drilled undergo the hydraulic 
fracturing treatment. In 2008, there were more than 50,000 hydraulic fracture 
treatments completed worldwide, and the cost for a single treatment lied between 
10,000 and 6 million US dollars. The worldwide commercial market for hydraulic 
fracturing per year is estimated at nearly $30 billion. As per the report in (Adams 
& Rowe 2013), hydraulic fracturing has significantly increased US recoverable 
reserves by at least 30% for oil and 90% for gas.  
Additional applications of hydraulic fracturing lie in the areas of water 
production, in-situ stress measurement, geothermal energy extraction, tunnel and 
dam construction, and block cave mining. For water well production enhancement, 
existing fractures within aquifers are washed out, propagated and connected to 
each other using high pressure injection water (Rummel & Kappelmeyer 1983). 
For in-situ stress measurement in rock masses, the fracturing fluid is pumped into 
a borehole at a controlled rate and variation in fluid pressure according to the 
different stages of crack evolution, such as fracture initiation, fracture propagation, 
and fracture closure, is tracked. The obtained fluid pressure history is used to 
determine the state of rock stress. Hydraulic fractures are also utilised to create 
flow pathways in low permeability hot rocks, thereby allowing the extraction of 
geothermal energy using a system of injection and the extraction wells 
(Economides & Nolte 2000).  
Conventional hydraulic stimulation for oil/gas reservoirs can be illustrated as 
per the schematic in Figure 1. The fracturing process begins with the perforation 
operation, whereby specially designed shaped-charges blast through the steel 
casing, the cement, and rock formation with predefined orientations to create 
perforation tunnels, which form an initial path for fractures (Montgomery & Smith 
2010). A viscous liquid, known as the fracturing fluid, is injected into the borehole 
under high, controlled pressure to initiate fractures at the perforated interval 
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(Economides & Nolte 2000). By controlling the pumping parameters, such as the 
pumping rate, fluid pressure, and the duration of fluid injection, the fractures are 
propagated from the wellbore towards the desired distance, which can be extended 
up to several hundred meters (Economides & Nolte 2000).  
 
Figure 1: Schematic illustration of hydraulic fracture: (a) internal pressure breaking a  
vertical wellbore, (b) propagating a fracture, (c) introducing proppant into the fracture and 






Clean fluid is commonly injected first to increase the fracture width for the 
proppant particles, which is injected in later stages as a semi-liquid mixture or 
slurry, and can migrate through the fracture (Economides & Nolte 2000). For the 
last stage of the hydraulic treatment, once pumping has ceased, the decrease in 
liquid pressure and the flow of the residual hydraulic fluid through the fracture 
faces into the porous formation result in the closure of the fracture surfaces under 
the action of far-field compressive stresses. The remaining proppant-pack provides 
not only mechanical support to keep the fracture open but also a conductive 
pathway that allows the fluid to flow within the fracture (Cipolla et al. 2008). The 
conductivity of a propped fracture is several orders of magnitude higher than that 
of an un-propped fracture, especially under high in-situ stress conditions (Gillard 
et al. 2010; Zhang et al. 2013b). 
The conductivity of the hydraulic fracture is limited by the permeability of the 
porous proppant pack. It is well known that several damage mechanisms can 
impair the permeability of proppant packs by blocking the pore space between the 
proppant particles. The mechanisms include: improper fracture clean-up resulting 
in residual fracturing gel in the proppant pack, mineral precipitation in the pore 
space and accumulation of fine debris resulting from proppant crushing and 
embedment into the rock (Vincent 2009). The impairment of fluid flow through 
the proppant pack reduces the overall efficiency of the fracturing treatment 
(Sammuel et al. 2009). Extensive research has been conducted over the past 
several decades to counteract these effects and develop new fracturing fluids 
(Bang et al. 2008; Cramer et al. 2004; Friehauf & Sharma 2009; Stephens et al. 
2007) and proppants (Nor-Azlan et al. 2003). These solutions are generally cost 
intensive and can offset any economic benefits of increased fracture conductivity. 
An alternative and cost-effective approach to addressing this challenging, known 
as the open-channel fracture technique, has been developed recently by 
Schlumberger scientists and widely applied throughout the petroleum industry. 
The method of implementation of this technique is described in the next section. 
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2.2.  Open-channel Hydraulic Fracturing 
The Open-Channel Fracturing Technique is based on the concept that proppant 
should be deposited discontinuously throughout the fractures, so a homogeneous 
proppant pack is substituted by a heterogeneous structure consisting of proppant 
columns and a network of open channels (Gillard et al. 2010), see Figure 2. The 
open channels occupy only a small fraction of the fracture volume but provide the 
dominant fluid pathway towards the wellbore due to their high conductivity. 
Hence, the low permeability of the proppant packs has an insignificant influence 
on the overall conductivity of the fractures. Discontinuous placement of the 
proppant also results in a decrease in proppant use for the treatment, especially for 
large scale fractures that can consume hundred tons of proppant, so eventually this 
leads to cost savings (Khanna & Kotousov 2016). Moreover, the novel technique 
results in a smaller operational footprint and significantly reduces the environment 
impact (d'Huteau et al. 2011).  
The efficiency of open-channel hydraulic fracturing treatment was evaluated in 
a wide range of oil fields. A study was conducted in Argentina to compare use of 
the new technique with conventional treatment in moderately permeable oil 
reservoirs. The results showed that for the first 30 days, the production in wells 
stimulated by the open-channel hydraulic fracturing technique was 53% higher 
than that of wells where conventional treatments were applied, and accumulative 
hydrocarbon production over two years was 29% higher than the corresponding 
production using the conventional treatments (d'Huteau et al. 2011). A study on 
the implementation of the channel fracturing technique for tight-gas reservoirs in 
Jonah Field, USA, showed that the technique increased accumulated production by 
26% and saved 44% of proppant use, compared with conventional treatments 
(d'Huteau et al. 2011). Another study was conducted in the Eagle Ford Shale 
region in the USA, which stores a large volume of both gas and oil. The channel 
fracturing technique increased the long term production of recovered 
hydrocarbons: by 76% for gas production and by 54% for condensate production 
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(d'Huteau et al. 2011). The proven efficiency of this technique has encouraged the 
application of the novel technique for reservoir stimulation. d'Huteau et al. (2011) 
shows that more than 2600 open-channel hydraulic fracturing treatments have 
been performed in eight countries, including the USA, Canada, Argentina, India, 
etc. On a global scale, this novel technique has saved more than 86,180 tons of 
proppant usage in comparison with the amount of proppant that would have been 
used for conventional treatments.  
 
Figure 2: Conventional (left) and Channel Fracturing Technique (right) (Gillard et al. 
2010). 
The discontinuous deposit of proppant along the fracture length is created by 
injecting proppant-laden fluid into the fracture in short pulses which are separated 
by pulses of clean fluid. The periodicity of proppant injection schedule leads to the 
formation of proppant columns (pillars) inside the fracture (Gillard et al. 2010). A 
comparison between proppant pumping schedule for conventional and open-
channel technique is presented in Figure 3. In both techniques, the proppant 
concentration is increased in a step-wise manner with pumping time. In 
conventional treatments, shown as the red line, proppant is continuously mixed 
with the fracturing fluid. For the channel fracturing treatment, shown as the green 
Flow in open 
channels 
Wellbore 
Channel Fracturing Technique Conventional Hydraulic Fracture 
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line, the proppant pulse is alternated with clean fluid (d'Huteau et al. 2011). The 
size and distance between the proppant columns is controlled by varying the 
duration of the proppant laden and clean fluid pulses. In addition, at the last stage 
of open-channel treatment, the proppant is added continuously to ensure the 
connection between the fractures and the wellbore is stable, uniform, and reliable. 
This stage is also referred to the tail-in stage (Barasia & Pankaj 2014). 
 
Figure 3: Proppant schedule for Channel Hydraulic Fracturing and Conventional 
Fracturing (Gillard et al. 2010). 
The discontinuous deposit of proppant along the fracture height is achieved by 
using a special perforation interval. In conventional hydraulic fracturing, the 
perforations are made evenly along the height of the pay zone. For open-channel 
treatment, a heterogeneous arrangement of perforations is created by letting 
clusters of perforations be separated by non-perforated intervals, as per Figure 4 
(Gillard et al. 2010). 
A key factor affecting the successful application of the channel fracturing 
technique is maintaining the heterogeneous distribution of proppant within the 
fracture during the pumping procedure, as well as during fracture closure. The 
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dispersion or spreading of proppant slugs during movement within the fracture 
reduces the column height prior to fracture closure as well as the spacing between 
the proppant columns. Hence, proppant dispersion has a negative impact on the 
efficiency of the open-channel technique and must be minimised. For this purpose, 
the proppant slurry is mixed with fibers which entangle the proppant particles and 
minimise the dispersion of proppant-laden pulses whilst they are carried through 
equipment pipes, the wellbore, and throughout the fracture. The effectiveness of 
fibrous materials for mitigating the dispersion of proppant inside the fracture was 
documented experimentally in several previous studies (Bulova et al. 2006). 
 
Figure 4: A perforation scheme used to facilitate the formation of open channels 
2.3. Hydraulic fracture processes 
Modelling of hydraulic fracture initiation and propagation is of great 
importance from the point of view of the design of fracturing operations. For given 
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in-situ stress state, mechanical properties of the reservoir rock and fracturing fluid 
injection schedule, hydraulic fracture propagation models aim to predict the 
dimensions of the fracture, i.e. its aperture, span and height as a function of the 
injection time. The processes of hydraulic fracture initiation, propagation and fluid 
flow in the fracture and porous rock are discussed in the following sections. 
2.3.1. Fracture initiation criterion 
Hydraulic fracture initiation is generally predicted using the tensile strength 
criterion, i.e. fracture initiation occurs if the principal tensile stress at the wellbore 
surpasses the tensile strength of the rock formation (Economides & Nolte 2000). 
This criteria is widely utilised for brittle materials, however, it must be adapted for 
practical use since the quantity of interest is the wellbore fluid pressure at fracture 
initiation, commonly known as the breakdown pressure. The breakdown pressure 
depends upon the in-situ stress field near the wellbore, as well as the orientation of 
the wellbore with respect to the principal stresses (Hossain et al. 2000).  
The in-situ stress state in underground rock formations can be described by 
three orthogonal principal stresses, such that maximum principal stresses is 
generally aligned with the vertical direction and caused by the overburden or self-
weight of the rock. The remaining principal stress components are aligned with the 
horizontal plane and are generally unequal due to tectonic activity and 
heterogeneity of the rock formation. The vertical (maximum) principal stress 
component is denoted by   . The minimum and intermediate principal stresses are 
denoted by    and   , respectively (Hossain et al. 2000). When a borehole is 
drilled into the rock formation, it distorts the in-situ stress field in the rock 
(Hossain et al. 2000). An approximate calculation of the distorted stress field can 
be made using the technique proposed by Hubbert and Willis (1957), in which the 
rock formation is assumed to be a homogeneous, linearly elastic, and isotropic 
medium (Aadnoy 1987; Hsiao 1988; Valko & Economides 1995). The stress state 
on the wall of an oriented wellbore, shown in Figure 5, has been derived by 
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several researchers (Aadnoy 1987; Aadnoy & Chenevert 1987; Bradley 1979; 
Deily & Owens 1969; Richardson 1981) and described in Eqs (1)-(5).  
 
Figure 5: Schematic of an arbitrarily oriented borehole showing the principle stress 
directions and the stress components near the borehole (Hossain et al. 2000). 
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(Hossain et al. 2000).  
Based on the tensile strength criterion, the breakdown pressure    for fracture 
initiation can be determined by the following equation (Hossain et al. 2000). 
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Fractures on the wellbore wall are initiated at an angular position     with the 
minimum wellbore pressure     
      
    
   (  
    
 )                     
     
 
     
  
(7) 
where       and       are     and    , respectively, at the crack initiation angle 
   , which is found by minimising the breakdown pressure in Eq. (6).  
For a vertical wellbore(                     
 ), the critical pressure 
for crack initiation is simply given by Eq. (8) (Economides & Nolte 2000). 
                  
(8) 
where    is the pore pressure in the rock near the wellbore and    is the tensile 
strength of the rock. Generally, both of these terms are much smaller in magnitude 
than the in-situ stress components and the breakdown pressure can also be 
estimated as           . Eq. (8) provides an upper bound for the fracture 
initiation pressure due to the assumption of no fluid infiltration in the rock 
formation. However, in practice, the infiltration of fluid into the formation results 
in an increase in the pore pressure, which in turn decreases the effective stresses 
and fracture initiation pressures. A lower bound for the fracture initiation pressure 
was obtained by (Economides & Nolte 2000) based on poroelasticity 
considerations: 
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(9) 
where   is Poisson’s ratio, and   is Biot’s coefficient. Similar expressions can be 
obtained for horizontal wells. 
For certain orientations of the wellbore, the direction of the minimum principal 
stress can vary significantly in the near-wellbore and far-field regions. Abass et al. 
(2009) demonstrated that during the early stages of fracture propagation, the 
orientation of the fracture plane is controlled by a near-wellbore stress field. When 
the fracture propagates sufficiently far from the wellbore, further propagation is 
governed by the in-situ stress field. Hence, in order to propagate a hydraulic 
fracture in desired orientation, such as longitudinal, angularly, or perpendicular to 
the wellbore, the perforations must extend beyond the near wellbore stress field 
(Li et al. 2015b).   
2.3.2. Hydraulic fracture propagation 
After initiation, if the wellbore fluid pressure is sufficient, a fracture will 
propagate from the wellbore towards the formation. The propagation criterion is 
generally obtained using linear elastic fracture mechanics, i.e. the stress intensity 
factor    at the tip of the fracture must be equal to the fracture toughness of the 
rock    , i.e. (Irwin 1957) 
        
(10) 
The stress intensity factor    is a function of the fracture size and geometry as well 
as the loading conditions. For a short fracture with length comparable to the 
wellbore radius, as shown in Figure 6,    can be estimated as (Economides & 
Nolte 2000). 
       (    ̅  )√   
(11) 
22 
where   is the fracture length;     is the fluid pressure inside the fracture; and  ̅   
is the average normal stress acting on the fracture surfaces, which is a function of 
the pressure in the wellbore and the stresses at far-field region. In geological 
structures,  ̅   is compressive and known as closure stress. To propagate the 
fracture,     must be higher than the closure stress. Thus, for a given fracture with 
predefined wellbore pressure, the pressure of the fluid inside the fracture is the 
dominant factor controlling fracture growth.  
 
Figure 6: A small fracture at the wellbore 
The propagation of a planar hydraulic fracture in a homogenous rock formation 
can be modelled analytically by adopting a number of simplifications. For 
example, in a classical model presented in a review paper by Feng et al. (2016), 
the rock formation is assumed to be isotropic, linearly elastic and impermeable; 
the fluid is considered as incompressible, and liquid pressure within the fracture is 
equal to wellbore pressure. By using a coupled solid and liquid mechanic method, 
the fracture half-length and fluid pressure within the fracture during fracture 
propagation can be written as: 
σ̅θθ 








   
σ̅θθ 
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(13) 
respectively, where   is the injection rate,    is the injection time,  ( ) is the half 
length of the fracture at time  ,   ( ) is the net pressure within the fracture at 
time  ,    is Young’s modulus in plane strain condition, and    is the start time for 
fracture propagation. 
Detournay (2004) reviewed various analytical models for hydraulic fracture 
propagation in plane strain and radial geometries and described two main energy 
dissipation processes, which govern the different modes of fracture propagation. 
The first process is the fracture of the rock, and the dissipation is governed by the 
fracture toughness,    . The second process is the viscous flow of the fracturing 
fluid, which is governed by the viscosity,  . The limiting solutions, corresponding 
to zero toughness and zero viscosity are reviewed in Detournay (2004), and the 
parameter governing the transition between these two asymptotic solutions is 
obtained for the special case of fracture in impermeable rocks. as follows:  
  
  
(       )
 
 






     
  
 
    
         (14) 
when    , the propagation regime is viscosity dominated, since most of the 
energy dissipation occurs in the fluid. In this regime, the limit solution based on 
the assumption of zero fracture toughness of the rock can be utilised. When   
 , the propagation regime is toughness dominated, since most of the energy 
dissipation is associated with the creation of new fracture surfaces in the rock. In 
this regime, the limit solution based on the assumption of zero fluid viscosity can 
be utilised. For intermediate values of this dimensionless parameter, the solution 
24 
for fracturing length and opening as well as fluid pressure within the fracture can 
be obtained numerically (Detournay 2004). 
The above considerations are based on the assumption of a homogenous rock 
formation. Hydraulic fractures are also created in multilayered rock formations, 
where the variation of elastic properties and in-situ stress state across interfaces 
can influence the fracture propagation (Teufel & Clark 1984). If the fracture 
propagates across the interfaces, the width of the hydraulic fracture, which relates 
directly to the proppant movement and final proppant placement, can be 
significantly influenced by the difference in Young’s modulus and the 
permeability in the rock layers (Daneshy 2009; Smith et al. 2001). 
In naturally-fractured rock formations, fluid injection at the wellbore can 
lead to the slip or opening of the pre-existing natural fractures in addition to the 
creation of the fluid-driven fracture. If the propagation path of the hydraulic 
fracture intersects the natural fractures, the hydraulic fracture can transverse the 
natural fractures or divert and become aligned with the orientation of the natural 
fracture (Blanton 1982; Lamont & Jessen 1963; Warpinski et al. 1998). The 
outcome is influenced, among many other parameters, by the frictional properties 
of the natural fracture or interface and the local stress state (Anderson 1981; Casas 
et al. 2006; He et al. 2017; Kaufman et al. 2008). The stimulation of natural 
fractures due to the interaction with the hydraulic fracture can significantly 
increase the permeability of the rock formation, however, modelling of this 
phenomenon is a complex task, since the position, orientation and geometry of 
underground natural fractures is generally estimated to a high degree of 
uncertainty based on indirect measurements, such as core logs, excavations, 
wellbore pressure history and acoustic emissions from the fracturing rock. 
2.3.3. Fluid flow and fluid loss 
Modelling of the single-phase flow of a Newtonian fluid in a single rock 
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fracture is one of the most basic steps for the analysis of hydraulic fracture 
propagation. It is a starting point for the modelling of more realistic situations, 
such as two-phase flow (for e.g. oil and water), flow of non-Newtonian fracturing 
fluids containing proppants, and flow in a network of fractures. This problem has 
been investigated thoroughly over the past several decades, and briefly recapped in 
this section.  
The Navier-Stokes equations, supplemented with the equation for the 
conservation of mass, provide a complete mathematical description of the flow of 
incompressible Newtonian fluids (Currie 2003). For the general case of three-
dimensional flow, these equations can be written in component form as (Currie 
2003): 
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(18) 
where   is the density,   is the velocity vector with components   ,    and   ,   is 
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the viscosity,     is the fluid pressure, and   is the acceleration due to gravity. 
The coupled system of equations (15)-(18) is too difficult to solve, either 
analytically or numerically, for realistic fracture geometries. Therefore, various 
simplifications are adopted to reduce the Navier-Stokes equations to a more 
tractable form. The first level of simplification is to linearize the Navier-Stokes 
equations by discarding the acceleration terms,  ( ̇  (   ) ), i.e. the left hand 
side of Eqs. (15)-(17). This simplification is acceptable for ‘creeping’ flows, i.e. 
when the Reynolds number is less than about 10, a condition which is generally 
satisfied for fluid flow in hydraulic fractures (Currie 2003). If the hydraulic 
fracture geometry is planar, with the fracture plane perpendicular to the z–axis, 
and the fluid flow occurs in the x–direction, the linearised Stokes equations can be 
written in component form as: 
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All terms in Eq. (20), which represents the momentum balance in the direction 
perpendicular to the fracture plane, are very small, i.e. this equation can be 
ignored. The remaining one dimensional Stokes Eq. (19) can be further simplified, 
provided that the aperture of the fracture varies gradually along the x–direction, 
i.e.      x
 ⁄       z
 ⁄ . If these conditions are met, the governing equation for 
fluid flow in the fracture is reduced to 
   
 x
      




Eq. (21) can be integrated twice with respect to z to obtain the well-known 
expression for the parabolic velocity profile for flow between parallel plates. For 
    , 
27 
   
 
  









where   is the aperture of the fracture at location x. Substituting Eq. (22) into the 
mass conservation equation (18) and integrating once more with respect to z with 
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(23) 
During a hydraulic fracture treatment, a part of the fracturing fluid penetrates 
through the fracture surfaces into the porous rock formation due to the difference 
between the liquid pressure within the fracture and the pressure in the formation. 
This fluid flow is named fluid loss or leak-off (Yi & Peden 1994). Leak-off is 
known as the key parameter controlling the geometry and the size of a hydraulic 
fracture. A widely used model for fluid leak-off is based on the pioneering work of 
Carter (1957). In the Carter’s leak-off model, leak-off flow is approximated as 
one-dimensional flow that is perpendicular to the fracture surfaces. The model 
proposes that the volume of fluid leak-off per unit length of the fracture is 
inversely proportional to the square root of time and is defined as 
 (x  )  
  
√    (x)
     (x)     
(24) 
where    is the fluid loss coefficient factor which is dependent on the rock 
permeability (Howard & Fast 1957),   is the time, and   (x) is the time it takes for 
the fracturing fluid to reach location x along the fracture. 
The global balance of injected volume of the incompressible fluid injected at 
the wellbore can be stated as 
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(25) 
For the particular case of constant injection rate,        ( )      and the volume 
of the fluid in the fracture and the leak-off into the porous rock can be written as 
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(27) 
The Reynolds lubrication equation for the non-steady case and including leak-off 
can be derived in a similar manner to Eq. (23) as 
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(28) 
A similar equation can be derived for the case of radial flow in a penny-shaped 
fracture (Currie 2003) 
2.3.4. Transportation and placement of the proppant 
The previous section provided the governing equations for the flow of ‘clean’ 
fracturing fluid in the fracture. However, during the proppant injection stage, a 
mixture of proppant particles and the fracturing fluid, known as slurry, is injected 
into the fracture. Proppant particles alter the properties of fracturing fluid and 
incorporating the effects on fluid flow caused by their presence is a necessary but 
challenging task. A number of simplifying assumptions are generally introduced 
when modelling slurry transport within the fracture. According to Adachi et al. 
(2007), the slurry is commonly modelled as a Newtonian fluid, whose viscosity 
depends on the concentration fraction of proppant and is determined empirically. 
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Gravitational settling is considered as the dominant mechanism for slip between 
the fracturing fluid and proppant particles. 
Dontsov and Peirce (2014)  analysed the steady flow of slurry within a channel 
using an empirical constitutive model introduced by Boyer et al. (2011). This 
model captures the non-uniform distribution of proppant particles across the 
channel, slip velocity due to the slurry flow, and the transition from Poiseuille’s 
flow corresponding to low proppant concentration to Darcy’s law corresponding to 
high proppant concentration. In this model, the distribution of proppant inside the 
fracture is defined via volumetric concentration,  , and normalized as 
 ̅  
 
    
 
(29) 
where      is the maximum allowable volumetric concentration determined from 
geometrical considerations. The proppant particles are assumed to be spherical 
with radius  , and both proppant and fluid are considered as incompressible.  
 
Figure 7: A schematic of the hydraulic fracture and the slurry flow inside it (Dontsov & 
Peirce 2014). 
A schematic of the fracture and the associated coordinate system is shown in 
Figure 7, where x is the axis along the fracture length in horizontal direction, y is 
the axis along the fracture height, and z is the axis perpendicular to the fracture 
plane. To describe the flow of proppant-laden fluid in the fracture, Dontsov and 
Peirce (2014) proposed a modified form of the lubrication equation (28) derived in 
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the previous section, i.e. 
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where the dimensionless function  ̂  depends upon the proppant volumetric 
concentration,  ̅, and the normalised fracture opening,   ⁄ . Dontsov and Peirce 
(2014) proposed the function  ̂  based on the empirical model of Boyer et al. 
(2011) as follows  
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(31) 
where    represents the reciprocal of the effective velocity of the slurry and 
   (      )
 ̅  ⁄      is a constant related to the permeability of the 
proppant pack. The function  ̂  defined in Eq. (31) allows for the governing 
equation (30) to capture the transition from Poiseuille’s flow at low proppant 
concentration to Darcy’s flow as the proppant concentration reaches its maximum 
value. 
The conservation of mass equation for the proppant particles in the slurry can 
be written as  
  (x  ) ̅(x  )
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(32) 
where     and     present the proppant flux in x and y direction, respectively. The 
second term in Eq. (32) corresponds to the pressure-driven flux of the proppant 
particles and the last term corresponds to the gravitational settling of the proppant 
particles. These fluxes are expressed as  
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where    and    are the densities of proppant and the clear fracturing fluid, 
respectively,   is the gravitational acceleration,   is blocking function,  ̂  and  ̂  
are two dimensionless functions of the normalized proppant concentration  ̅ and 
the ratio of   ⁄ . Eq. (33) captures the clustering of proppant particles towards the 
central region of the flow channel and away from the fracture walls. Eq. (34) is a 
modified form of the Stokes law for steady state settlement of a sphere in a viscous 
fluid. Both  ̂  and  ̂  tend to zero as the normalised proppant concentration  ̅ 
approaches unity, indicating that an immobile proppant pack has formed. 
2.4. Hydraulic fracture modelling 
The previous section described the basic equations governing the initiation and 
propagation of a rock fracture, as well as fluid flow and transport within the 
fracture. In practical applications, hydraulic fracture simulators based on the 
previously presented equations, are utilised to predict the propagation of fractures 
under a given set of reservoir conditions and pumping schedules. For 
computational efficiency, the simulators adopt a number of simplifying 
assumptions regarding the geometry of the propagating fracture. In this section, 
some of the most notable models are reviewed.  
2.4.1. Sneddon’s model for penny-shaped fracture 
One of the simplest models for hydraulic fracture propagation was developed 
for a penny-shaped fracture, with the assumption of constant injection rate, 
constant fluid pressure within the fracture, and no fluid leak off (see Figure 8).  
Sneddon (1946) and Sneddon and Elliott (1946) obtained the analytical solution 
for the opening profile of a penny-shaped crack subjected to uniform pressure, as 
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follows 
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where   is Young’s modulus,   is Poisson’s ratio,   is the crack radius and    is 
the uniform pressure acting on the crack faces. For hydraulic fracturing 
applications,    can be interpreted as the net-fluid pressure in the fracture, i.e. the 
fluid pressure minus the minimum in- situ principal stress. The volume of the 
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Figure 8: A penny shaped fracture subjected to uniform fluid pressure. 
Based on Griffith’s energy criterion, Sack (1946) showed that fracture propagation 
occurs when the net fluid pressure reaches a critical value 
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where    is the specific fracture surface energy. Combining Eqs. (36) and (37), 
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For constant injection rate and no fluid leak-off, the fracture volume can be related 
to the injection rate and pumping time according to  
           
(39) 
Rearranging and solving for   yields the fracture propagation model 
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2.4.2. PKN and KGD models for planar fracture 
Several key papers on the propagation of planar fractures from vertical wellbores 
were published from the late 1950s to early 1970s. Of the several proposed 
models, two of the most widely utilised are the PKN (Nordgren 1972; Perkins & 
Kern 1961) and KGD models (Geertsma & De Klerk 1969; Khristianovich & 
Zheltov 1955), named after their respective developers. Both models share a 
number of common simplifying assumptions, they assume that (1) the fracture is 
planar and propagates perpendicular to the direction of the minimum principal in-
situ stress, (2) the fracture height remains constant along the entire length of the 
fracture, (3) the fluid flow in the fracture is one-dimensional and along the 
direction of fracture propagation, (4) the flow of the Newtonian fluid is described 
by Poiseuille’s law, and (4) the rock is homogenous, isotropic and linearly elastic.  
Both models adopt the plane-strain assumption, except along different 
directions. The PKN model assumes plane strain conditions along the horizontal 
direction and considers an elliptical cross-section of the fracture. Although the 
maximum width of the elliptical section,   varies with distance along the fracture 
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length, x, the width at any given cross-section,  (x) solely depends upon the net 
fluid pressure,   (x) and is independent of width along other cross-sections. This 
model was developed for long fractures, i.e. fractures whose length is much 
greater in comparison to the height (Economides & Nolte 2000). The KGD model 
assumes plane strain conditions along the vertical direction and considers a 
rectangular fracture cross-section. This model was developed for short fractures, 
i.e. fractures whose length is much smaller in comparison to the height 
(Economides & Nolte 2000). 
 
Figure 9: Basic two-dimensional models for planar fracture geometry. 
For negligible leak-off into the rock formation and constant fluid injection rate, 
analytical solutions for the fracture opening at the wellbore, denoted by    and 
the fracture half-length,   can be obtained for both PKN and KGD fracture 
geometries. For PKN geometry, the solution is given by (Nordgren 1972) 
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For the KGD geometry, the solution is given by Geertsma and De Klerk (1969) 
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(44) 
The effect of fluid leak-off, described by Eq. (24) was incorporated into the above 
solutions in later studies, however the resulting expressions are complex and 
require numerical solution. The KGD model was further refined by Detournay and 
colleagues (Detournay 2004; Detournay & Cheng 1993), who modelled in crack-
tip region in greater detail and investigated the effects of the fluid lag region 
behind the crack tip as well as poro-elasticity effects.  
2.4.3. Pseudo three-dimensional (P3D) models for planar fracture 
The PKN and KGD models described previously assume constant fracture 
height along the entire length. In multilayered rock formations, or for significant 
spatial variation in the minimum in-situ stress, the height of the fracture can vary 
with distance from the wellbore. Like the simpler PKN and KGD models, the P3D 
models also assume a planar fracture geometry, however, they do not impose any 
restrictions on the fracture height. The models generally assume plane strain 
conditions and do not fully couple the equations of fluid flow and rock 
deformation (Adachi et al. 2007). Although P3D models are crude, their principal 
advantage lies in their simplicity and low computational cost (Adachi et al. 2007). 
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Figure 10: Cell-based pseudo-3D model (Adachi et al. 2007) 
 
Figure 11: Lumped pseudo-3D model (Adachi et al. 2007) 
The P3D models are categorised as cell-based and lumped models (Economides 
& Nolte 2000). In the cell-based approach, see Fig. 10, the fracture length is 
considered as a series of PKN cells. The fluid flow is considered as one-
dimensional (along the fracture length) and the variation in fluid velocity with 
vertical position is ignored. Hence, each cell is subjected to uniform pressure. The 



























height and cross-section opening of each cell are determined using two-
dimensional linear elasticity solutions (Palmer & Carroll 1983; Settari & Cleary 
1986). For the lumped approach as shown in Figure 11, the geometry of a fracture 
is composed of two half elliptical profiles with equal lateral extent, but different 
vertical extent (McLennan & Picardy 1985; Xiujuan et al. 2010). For each time 
increment, the fracture length and height at the wellbore are determined and the 
assumed shape is fitted to these position (Adachi et al. 2007). 
2.4.4. Three-dimensional models for hydraulic fractures 
Three-dimensional (3D) models relax several simplifying assumptions adopted 
by simpler models discussed earlier, such as fracture containment in a single rock 
layer, planar fracture geometry, and one-dimensional fluid flow within the 
fracture. 3D models utilise various numerical schemes to solve the coupled 
equations of linear elasticity and fluid transport. As a result, these models are 
computationally expensive and their use is generally restricted to research 
environments. In this section, four main methodologies for numerical modelling 
are briefly discussed, namely, the Finite Element Method (FEM), the eXtended 
Finite Element Method (XFEM), the Boundary Element Method (BEM), and the 
Discrete Element Method (DEM). Some examples of complex phenomena 
modelled using numerical techniques are presented. 
In the FEM, the entire problem domain (fracture and rock) is discretised into a 
mesh of interconnected elements. The solution for each element is expressed by a 
linear combination of simple shape functions that can approximate the global 
solution for local regions (Shahid et al. 2016). For crack problems, the 
conventional finite elements are not able to capture the high-stress gradient near 
the crack and properly reproduce the singularity of the stress field surrounding the 
crack tips. The accuracy of stress singularity around the crack tips is significantly 
improved when Barsoum (1976) and Henshell and Shaw (1975) adopted the idea 
using singular elements, which are formed by placing the mid-side node near the 
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crack tip at the quarter-point position. Based on a nonlinear mapping, these 
singular elements can properly reproduce square root stress singularity at the crack 
tips. Through the years, different types of singular elements have been developed 
and used for modelling 2D and 3D crack problems (Nejati et al. 2015). Modelling 
evolving crack problems using the FEM requires very fine mesh generation at the 
crack tip, and mesh adjustment is required to capture the moving geometry. Hence, 
during the fracture propagation, a new mesh needs to be generated and aligned 
along the fracture.  
For hydraulic fracture modelling, the FEM was used by Carter et al. (2000), 
Martha et al. (1993), and Bouchard et al. (2000) to model fracture propagation 
using different re-meshing strategies. Settari and Raisbeck (1981) developed a 
two-dimensional finite element model, which is similar to the PKN model, to 
describe the flow of compressible fluid in a linearly elastic porous medium 
containing a fracture caused by tensile stress. The fracture was represented by 
special cohesive elements obeying a user-defined traction law or stress-
displacement relationship (Chen et al. 2009). Although the method can simulate 
fracture propagation in real time, it is unable to predict fracture propagation 
directions under complex loading conditions because the propagation path is pre-
selected based on the location of the cohesive elements (Zhang et al. 2010). FEM 
was also implemented with continuum damage mechanics, in which a fracture is 
considered as a series of continuous elements having minimal strength. The 
permeability of these elements is governed by the corresponding state of strain and 
stress (Wangen 2013). This method can simulate non-planar fractures, but it 
requires very small elements to predict the growth path as well as the geometry of 
the hydraulic fracture properly (Li et al. 2012). FEM was also utilised to 
investigate hydraulic fracture growth in multilayered reservoirs, in which the 
layers have been assumed to be elastic and perfectly bonded together. Advani et al. 
(1990) developed a FEM solution for modelling 3D hydraulic fractures to analyse 
the hydraulic fracture propagation in layered reservoirs under tensile loading.  
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The XFEM was first utilised for modelling fracture problems in the works of 
Belytschko and Black (1999) by using a local partition of unity where a subset of 
nodes is enriched to allow fractures can be modelled within an element. Due to the 
XFEM is originated from the conventional FEM, most theoretical background of 
the FEM can be easily extended and applied in the XFEM. Lecampion (2009) 
utilised the XFEM to develop a solution of hydraulic fractures by proposing 
special tip functions that encapsulate asymptotic functions commonly encountered 
in hydraulic fracture problems. Khoei et al. (2012) developed an XFEM technique 
for the thermo-hydro-mechanical modelling of impermeable discontinuities in 
saturated porous media. Gordeliy and Peirce (2013) utilised an XFEM strategy that 
can solve elastic hydrodynamic equations to investigate the propagation of 
hydraulic fractures in an elastic formation. Dahi et al. (2011) used the XFEM to 
investigate the intersection between a hydraulic fracture with a single natural 
fracture. The research also estimated the effects of the intersection angles on the 
evolution of the hydraulic fracture as well as the natural fracture.  
In the Boundary Element Method (BEM), the problem domain is classified into 
two regions: the boundary, which is the fracture, and the interior regions which is 
the intact rock (Shahid et al. 2016). Only the fracture surfaces, or boundaries, are 
discretised into elements and each element has its own contributions to the stress 
and strain of the medium. Since the discretisation is imposed only on the 
boundary, the problem dimensionality and computational cost are reduced. Wilson 
and Witherspoon (1974) used BEM to study a steady flow in a net of planar 
fractures. Penny-shaped hydraulic fractures were modelled by Shapiro et al. (2007) 
and Cleary and Wong (1985). However, BEM loses its computational efficiency 
for multilayered rocks because the solution for the continuity conditions on the 
boundary between layers is very complicated (Peirce & Siebrits 2001).  
DEM uses a mutual interaction between discrete elements to simulate a 
discontinuous system. The failure of materials can be modelled as the destruction 
of the bond between the elements. The motion of each element during fracture is 
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computed by using Newton’s equations (Cundall & Strack 1979). Zhang et al. 
(2013a) utilised DEM to analyse the evolution of a hydraulic fracture in a granular 
media at different pumping rates of hydraulic fluid. The growth and mutual 
interaction between two hydraulic fractures in dense and unconsolidated 
formations, such as sand or highly fractured medium, are investigated by Thallak 
et al. (1991). These authors successfully defined the influence of the stress field 
induced by one fracture on the propagation of the other and found that these two 
hydraulic fractures tend to avoid a tip to tip connection with each other. The 
disadvantage of DEM is its very highly computational cost, especially for field-
scale applications (Li et al. 2015b). 
2.5. Residual opening of hydraulic fractures 
Once the fluid injection is stopped, however, the compressive stress,    
 , 
results in the reduction of the fracture opening, ∆δ (x), as illustrated in Figure 12. 
The reduction of the fracture opening is due to the consolidation and the 
embedment of the proppant pack (Bortolan Neto & Kotousov 2013), and the main 
mechanisms (rearrangement, embedment and damage) are schematically shown in 
Figure 13. 
 
Figure 12: Opening of a fracture during injection stage (a) and during recovery stage (b) 
(Bortolan Neto & Kotousov 2012)  
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As mentioned above, the consolidation of the proppant pack is mainly driven by 
the rearrangement of proppant particles into a tighter pack due to the slip or 
rotation between particles and the particle damage (Mesri & Vardhanabhuti 2009). 
The rotation and slip between particles normally occurs at the beginning of the 
relieved stage under small compressive stress. The particle damage usually occurs 
at high compressive stress due to numerous mechanisms, including the abrasion or 
grinding between particle surfaces, the breaking or crushing of particles, and the 
split or shattering of particles. The degree of the rotation or slip between particles 
and the particle damage are considered to be the key factors to determine the 
mechanical response of the proppant pack (Coop 1990; Mesri & Vardhanabhuti 
2009).  
 
Figure 13: Schematic of main mechanisms leading to fracture close under compression 
Terzaghi et al. (1996) proposed a consolidation model for sand and 
cohesionless soils, in which the consolidation is described as 
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where   
 (x)  is normal compressive stress,    
  is the initial normal compressive 
stress acting on the particles,    is compressibility of the soil defined in Coduto 
(2001), and  (x) is dimensionless parameter representing the proppant settlement 
ratio and it is defined as 
 (x)  




where δ  (x) is the fracture opening under the initial compressive stress    
 , and 
δ (x) is the effective fracture opening under the compressive stress   
 (x) 
(Bortolan Neto & Kotousov 2013). This popular model was widely applied to 
model behaviour of granular materials and it will be also utilised in the current 
thesis. 
The embedment of proppant into rock formation leads to the reduction of the 
fracture opening and is demonstrated in Figure 13. Experiments in hard rocks 
indicate that the depths of embedment is approximate a half of the particle 
diameter (Much & Penny 1987). For soft rock like sandstone, the embedment 
depths can up to three times of the particle diameter (Lacy et al. 1998). Modelling 
proppant embedment is a challenging task due to the complexity of the forces 
transmitted by friction between adjacent particles (Deng et al. 2014; Reinicke et al. 
2010) and the non-linear response of indentation in the rock formation (Momber 
2004). Several empirical models have been developed to calculate embedment 
depths for monolayer proppant (Huitt & McGlothlin 1958; Volk et al. 1981) and 
for multilayers of proppant (Li et al. 2015a).   
2.6. Conductivity of proppant packs 
The conductivity of a fracture, which is commonly defined as the product of the 
permeability of the fracture and its opening, is considered as a key parameter to 
evaluate the capacity of the fracture for fluid flow during the hydrocarbon 
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resources recovery stage (Diyashev & Economides 2006). Hence, the permeability 
of the proppant pack together with the fracture residual opening play an important 
role to assess the fluid flow within the propped fracture as well as the performance 
of a well. 
The consolidation and damage during the recovery stage lead to numerous 
mechanisms impairing the permeability of a hydraulic fracture. The decrease in 
porous space between the particles due to compression leads to the reduction of 
the permeability of the proppant pack (Bortolan Neto et al. 2015). The pore space 
is also filled with various substances, such as fracturing gel residual, mineral 
precipitates (Barree et al. 2003; Weaver et al. 2006), and fine particles formed due 
to the damage of rock and proppant particles at high confining stresses (Reinicke 
et al. 2010; Wen et al. 2007). The behaviour of porosity and permeability can be 
incorporated using empirical models.  
One simple theoretical model was suggested by Bortolan Neto et al. (2015). In 









where   is the volume of the proppant pack,    is the total volume of porous space 
within the proppant pack,    is the total volume of proppant particles, and 
       . 
The relationship between the porosity of the proppant pack during the recovery 
stage and the porosity during the injection stage is presented in Eq. (48) (Bortolan 
Neto et al. 2015) 
    
  
 
(    )  
(48) 
where   ,     are the volume and the porosity of the proppant pack during the 
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injection stage, respectively, V is the proppant pack volume during the recovery 
stage. The volumes of the proppant pack at these stages are calculated as (Bortolan 
Neto et al. 2015) 
    h ∫ δ  (x)
  
  
 x    h∫ δ (x)
  
  
 x  
(49) 
where h is the fracture height, δ  (x) and δ (x) are the fracture opening 
corresponding to the injection and recovery stages, respectively, and can be seen in 
Figure 12. 
The relationship between the porosity and permeability of the proppant pack is 
modelled using Kozeny-Carman equation (Mavko & Nur 1997) 
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(50) 
where    is the proppant permeability,    is a geometric factor, and A is the 
surface area  
From Eq.(50), the relation between permeability of the proppant pact before 
and after compaction is obtained as (Bortolan Neto et al. 2015) 
  







    





where     is the permeability of the proppant pack during the injection stage. 
Equations from (47) to (51) show a significant dependence of proppant 
permeability on the residual opening of the fracture. This particular conclusion 
justifies some of the research aims of this thesis presented in Chapter 1. In 
addition, the discussed above models will be extended for the analysis of channel 
fracturing techniques. 
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2.7. Well performance 
The well performance is conventionally estimated based on the well 
productivity index,   , which is typically defined as the ratio of the production rate 
of the well,   , and the difference between the reservoir pressure and the borehole 
pressure (Diyashev & Economides 2006) as the following equation 
   
  
     
 
(52) 
where    is the pressure within the reservoir,    is pressure in the wellbore. For 
simplification purpose, the well productivity index can be substituted by the 
normalised productivity index   ̅ (Bortolan Neto et al. 2015). 
The conductivity of a hydraulic fracture during the recovery stage is normally 
calculated based on several assumptions: the rock formation is the linear, 
homogeneous and isotropic; the fluid flow within the fracture is laminar flow and 
can be governed using Darcy’s law for steady-state (Economides & Nolte 2000). 
Hence, key parameters controlling the fluid flow include the viscosity of fluid, 
pressure gradient, permeability of the reservoir and the fracture, and dimensions. 
Several approaches have been developed from these simplifications for evaluating 
the performance of a well (Entov & Murzenko 1994; Kanevskaya & Kats 1996; Li 
et al. 1996; Murzenko 1994). These researches based on the assumption that the 
fracture is fully filled with proppant. However, the transportation of proppant is 
prohibited by the sedimentation and the screen out of the proppant particles during 
the proppant injection stage. Hence, the effective length of the fracture is much 
smaller than the initial crack length created during the fluid injection stage (Barree 




Figure 14: Partially propped hydraulic fracture. (a) fracture opening during injection stage 
and (b) residual fracture opening during recovery stage (Bortolan Neto et al. 2015). 
Bortolan Neto et al. (2015) investigated a fracture partially filled by a proppant 
pack with compressibility    and permeability   . Under the refining stress during 
the recovery stage, the residual opening δ (x) and residual length    of the fracture 
are described as Figure 14. The reduction of fracture opening and the fracture 
length significantly affects the permeability and the conductivity of the fracture. 
The steady-state flow of fluid within the fracture is governed as a function of 
the fracture opening and permeability along the fracture (Zazovskii & Todua 
1990) 
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(53) 
where the unknown function  ( ) is relevant to the fluid flux into the fracture, h is 
the fracture height,    is the permeability of the rock formation,   (x)   hδ (x) 
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it is distinguished in the propped region (|x|    ) and the un-propped region 
(   |x|    )  as (Barree et al. 2003) 
  (x)  {




   |x|    
 
(54) 
The normalised productivity index of the fracture is normally defined as 
  ̅  *      (
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where   x   ⁄  is normalised distance from the borehole along the fracture 
length,          ⁄  is the design value of the penetration ratio with    is the 
radius of the circular reservoir surrounding the wellbore, A      ⁄  is normalised 
of the fracture residual length , and the terms ∫  ( )   ( )  
 
  
      (Bortolan 
Neto et al. 2015). A similar approach will be adopted in the current thesis. 
2.8. Research gaps 
Among numerous parameters, residual opening of the fracture during recovery 
stage is defined as a key factor controlling the permeability and conductivity of the 
fracture and consequently influencing the well performance. Extensive research 
has focused on modelling the behaviour of the proppant pack under compressive 
loading to define the residual opening and its effect on the fracture conductivity 
(Bortolan Neto & Kotousov 2012, 2013; Bortolan et al. 2015; Khanna et al. 2014; 
Morris et al. 2014; Yan et al. 2016). Although the influence of proppant 
compressibility is incorporated, these models are limited in specific cases because 
the influence of proppant embedment was not accounted or modelled correctly 
(Gao et al. 2012; Li et al. 2015a).  
The influence of the proppant placement was investigated in various case from 
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fully filled fractures to partially filled fractures (Bortolan Neto et al. 2015; 
Bortolan Neto & Kotousov 2012, 2013; Khanna et al. 2014). These studies mostly 
focus on the continuous placement of proppant within the fracture. The 
development of the channel fracturing technique is raising demand for developing 
models that can capture the influence of discontinuous placement of proppant on 
the fracture conductivity. Several modelling studies to optimise the 
implementation of the channel fracturing technique have been produced recently  
(Hou et al. 2016a; Hou et al. 2016b; Morris et al. 2014; Yan et al. 2016; Zhang & 
Hou 2016; Zheng et al. 2017). Although these models can be applied in several 
specific cases, they do not capture the nonlinear behaviour as well as the 
compressibility of the proppant columns. In addition, the models for fracture 
deformation utilised in these studies do not describe the real context of channel 
fracturing sufficiently. 
The current thesis is aimed to overcome the above mentioned shortcomings and 
extend the theoretical framework developed in papers by Bortolan Neto, Khanna 
and Kotousov to the analysis of channelling fracturing stimulations.  
2.9. Conclusion 
Hydraulic fracture modelling is extensively used by the petroleum industry to 
perform economic optimisation (i.e. determine the appropriate fracture size which 
yields the best return on investment), to design fluid and proppant injection 
schedules, to predict the fracture propagation, and to evaluate the effectiveness of 
a fracturing treatment by comparing the modelling predictions to the observed 
behaviour. In this chapter, basic equations governing the initiation and propagation 
of fluid-driven fractures in rock as well the equations for fluid and proppant 
transport are presented. Some of the most notable analytical models for hydraulic 
fracture propagation are reviewed and the applications of numerical methods for 
the exact solution of governing equations are briefly discussed.  
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It is highlighted that the widely-utilised hydraulic fracture models neglect the 
important phenomenon of partial fracture closure and loss of fracture opening due 
to the consolidation of the compressible proppant particles once fluid injection is 
ceases and the fracture fluid pressure tends to the pore pressure of the surrounding 
rock. The residual opening and conductivity of fractures can be significantly lower 
than anticipated due to proppant consolidation, embedment and crushing. For 
fractures created using the channel-fracturing technique, the deformation of the 
open channels must also be taken into consideration. The present thesis is 
dedicated to the modelling and investigation of the latter phenomena. It is 
expected that the models developed herein can further extent the understanding of 
hydraulic fracturing and enhance the underlying economic benefits. 
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Fracture Mechanics and Distributed Dislocation Technique 
The application of Linear Elastic Fracture Mechanics (LEFM) to predict the 
propagation of a crack under hydraulic pressure was started in the 1960s with the 
work of some pioneers (Perkins & Kern 1961). Through the years, several models 
based on the LEFM theory have been proposed to simulate the initiation and 
propagation of hydraulic fractures. The analytical models for hydraulic fracture 
were built based on solutions for crack problems in 2D configurations. The 2D 
theory leads to simpler solutions for real hydraulic fractures when it just accounts 
two dimensions into the model: Crack length and crack width. Even though the 
appearance of more comprehensive numerical solution for 3D problems, the 2D 
models based on LEFM are still be utilised widely in modelling hydraulic 
stimulation. Among numerous techniques, Distributed Dislocation Technique 
(DDT) is an effective tool to derive equations governing 2D model of hydraulic 
fractures. The DDT can give entire solutions for the fracture problem and these 
solutions can be solved at a relatively low computational cost. This Chapter will 
briefly review the basic of the LEFM, the DDT, and numerical procedure to solve 
singular integral equations derived from the DDT method.  
3.1. Linear elastic fracture mechanics 
In the LEFM, a cracked subject is assumed to be a linearly elastic medium, 
while nonlinear effects are insignificant and ignored. The criteria for the initiation 
and growth of a crack have been developed based on two basic approaches. The 
first approach is based on the balance of global energy during crack growth, and 
the other one considers the stress distribution around the crack tips. 
An energy balance approach was first proposed by Griffith (1921) when he 
considered the propagation of cracks in brittle materials. Griffith introduced a 
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well-known concept that an existing crack will start propagating if the energy 
supplied to the subject exceeds that required to form new cracked surfaces. The 
Griffith theory provides a clear, physical mechanism that governs the failure 
process and explains the huge discrepancy between the theoretical and 
experimental results in defining material strength (Sun & Jin 2012). Irwin (1948) 
proposed a fracture criterion based on the concept of energy release rate,  , which 
is the change of potential energy per one unit of crack growth.  According to this 
criterion, a crack will propagate if   exceeds a critical value   , which is defined 
as the fracture toughness. 
Further, based on Westergaard’s solution (Westergaard 1939) for stress and 
displacement in a cracked plate, Irwin (1957) introduced stress intensity factor,  , 
and classified it according to three basic crack modes: Mode I, Mode II, and Mode 
3 as presented in Figure 1. Crack propagation occurs if the value of   at the crack 
tip reaches the critical value,   . The condition to apply this criterion is that the 
plastic deformation zone is well defined within the   dominance, see Figure 2. As 
the ease of calculating   and the ease of measuring the fracture toughness, this 
approach has been generally used in the analyses of fracture mechanics.  
 














Figure 2: The process zone and the   dominance zone (Sun & Jin 2012) 
By defining a coordinate system with the origin is placed at the crack tip as 
shown in Figure 3, Williams (1956) developed an asymptotic solution to provide a 
general expression for the stress field around a crack tip, which is independent of 
the external load as well as the crack geometry. The influence of crack geometry 
and external load on the singular stresses is described by the stress intensity 
factors. The stress and displacement fields in the near crack tip region 
corresponding to different crack modes are summarised in Table 1. 
 
Figure 3: Schematic of stresses surrounding a crack tip adapted from  Bortolan Neto 
(2013)  
Nonlinear deformation and 
fracture process zone 



















Table 1: Summary of crack tip elastic stress and displacement fields (Hills et al. 1996) 
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  (   ) (   )⁄  for  plane stress and        for plane strain,   is Poisson’s 
ratio 
After the work of Williams (1956), there were many papers devoted to the 
development of mathematical methods and obtaining exact and approximate 
solutions for various geometries and boundary conditions (Dyskin 1997; Dyskin et 
al. 2015). One of such methods is the Distributed Dislocation Techniques, which 
will be briefly discussed next.   
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3.2. The Distributed Dislocation Technique  
In this section, the Distributed Dislocation Technique (DDT) is introduced by 
developing a solution for the simplest crack problem: an embedded straight crack 
in an infinite sheet of material loaded by a remote tensile stress, as Figure 4(a). By 
using the principle of superposition, the problem can be deconstructed into two 
separate problems. The first problem is defining the stress induced by the remote 
tensile stress in an uncracked infinite plate, see Figure 4(b). The second problem 
considers to a free plate in which a crack is created by inserting rigid material 
between the crack faces. The material is inserted in such a manner that the induced 
tractions along the crack faces balance with the stresses induced in the first 
problem, as illustrated in Figure 4(c).  
 
Figure 4: Superposition principle: (a) the straight crack problem; (b) the stress in an 
uncracked sheet; and (c) the corrective traction on the crack surfaces (Hills et al. 1996) 
The inserted material can be imagined as the addition of many infinitesimal 
bands, which are first added at the crack tip, then extended along the crack line, as 
shown in Figure 5. Each single band is considered as an edge dislocation, so the 
crack can be examined as a number of edge dislocations distributed continuously 
along its length. 
In the DDT, the stress field and relative displacements induced by a single edge 
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stress field induced by the continuous edge dislocations. When considering an 
edge dislocation places at   0,   0 with Burger’s vector   0 ⃗     ⃗ as 
shown in Figure 6, a displacement jump is produced (Hills et al. 1996) 
 y(x, y  0
 )   y(x, y  0
 )   y (1) 
where   ( ,  ) is the   component of the displacement field. 
 
Figure 5: Inserted material between two faces of a crack; (a) a single edge dislocation; (b) 
additional dislocations; (c) taken away dislocation; (d) final geometry of the crack 
 












The stress fields arising from this displacement jump are presented in the 
following equations (Hills et al. 1996). 
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(4) 
where         ;    is Burger’s vector;  ̅ is the generalised Young’s modulus, 
which is defined as  ̅    in plane stress or   ̅   (    )⁄  in plane strain with 
  is Poisson’s ratio.  
To obtain a stress field induced by edge dislocations continuously distributed 
along            ,     0, the set of dislocations distributed along an 
infinitesimal crack element between the points   and      need to be 
considered to calculate infinitesimal Burger’s vector  
  y   y( )   (5) 
where   ( ) is the dislocation density at point   (Hills et al. 1996). 
The stress field is obtained by integrating the fundamental solution for an edge 
dislocation (Hills et al. 1996). 
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Using the superposition principle, the total stresses in the material,    ( ,  ), 
are the result of a simple addition of stresses induced in the plate without the 
crack,  ̂  ( ,  ), and stresses induced by the continuous dislocation along the 
crack,  ̅  ( ,  ), and described by Eq. (9) 
   (x, y)   ̂  (x, y)   ̅  (x, y) (9) 
The set of boundary conditions for the crack is described as 
 ̅xx   ̅yy   ̅xy  0, x, y   , 
(10) 
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The dislocation density   ( )  is firstly solved from Eq.(13), then utilised to 
calculate the opening profile of the fracture based on the following equation (Hills 
et al. 1996). 
  r(x)   ∫  y( )
x
    





The Eq. (14) is very important to calculate the residual opening profile of the 
fractures considered in the current thesis as discussed in Chapters 4 to 7. 
Due to the physical requirement that the crack surfaces are bonded with each 
other at both ends or   r(x   a r)    r( a r)  0, the condition of no net 
dislocation needs to be satisfied and described as (Hills et al. 1996) 
∫  y( )
    
    
   0  
(15) 
 
The exact solution for singular integral equation, as Eq. (13), and Eq. (15) is 
cannot be obtained directly due to the inversion of the non-linear terms in the 
integral. Among several numerical solutions have been developed to deal with this 
issue, Gauss-Chebyshev quadrature is known as an effective solution to solve 
singular integral equations containing Cauchy kernels (Hills et al. 1996). Hence, 
the Gauss-Chebyshev quadrature is used throughout the current thesis and will be 
reviewed in the next section.  
3.3. Gauss-Chebyshev quadrature for integral equations 
In order to apply the Gauss-Chebyshev quadrature solution, some 
manipulations for Eq. (13) need to be performed first. The interval [ a r,  a r] is 
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where  y( ) is described as the product of  a fundamental solution,  ( ), and a 
bounded function,  ( ), as below (Hills et al. 1996) 
 y( )   ( ) ( ) (20) 
Using the Gauss-Chebyshev quadrature, Eq. (18) is transformed to a set of     





   
 (  )
     
  yy
∞ (  )          
(21) 
where   is the number of the integration points   ,    are the collocation points, 
and    are weight function. The expression of these quantities is obtained from 
Hills et al. (1996) as following 
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Eq. (19) is discretised as  
 
 
∑ (  )
 




Eq. (26) and Eq. (27) form a system of   non-linear algebraic equations 
with  unknown,  (  ). These equations are solved numerically using standard 
iterative procedure.  
From the obtained  (  ), the fracture opening profile is calculated from Eq. 
(14) employing the Gauss-Chebyshev quadrature and expressed as 
  r(  )   
 a
 
∑ (  )
 




The numerical procedure has been introduced above is utilised to solve 
problems in Chapters   to   with some modifications corresponding to the changes 
of boundary conditions. For the problems considered in the thesis, proppant pack 
induces a pressure on the fracture faces and keeps the fracture open during the 
recovery of hydrocarbon resources, so the non-linear behaviour of the pressure 
needs to be modelled and added to the boundary conditions.  
3.4. Conclusion 
In this chapter, the criterion for the initiation and propagation of a hydraulic 
fracture are reviewed by introducing the LEFM. The DDT is reviewed as the 
general approach for the current thesis. The Gauss-Chebyshev quadrature, an 
effective numerical solution for singular integral equations, is also discussed 
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briefly. The following chapters are the candidate’s papers developed by employing 
the general approach discussed above.  
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A B S T R A C T
The channel fracturing technique aims for discontinuous placement of proppant particles along the length of a
hydraulic fracture in a way that a network of open channels or voids can be created between the proppant-filled
regions of the fracture. In this paper, a simple theoretical model is developed to identify the optimal proppant
volume fraction that maximises the effective conductivity of the partially-filled fracture while reducing the
amount of proppant used.
The fracture geometry is idealised as two-dimensional and a regular arrangement of proppant columns is
considered. The residual opening profile of the fracture is determined as a function of the proppant column
width and spacing, the mechanical properties of the rock and the proppant pack as well the magnitude of the
compressive in-situ stress acting normal to the fracture plane. The effective fracture conductivity is then de-
termined as a function of its residual opening profile. Some optimal estimates are provided for the conductivity
enhancement and reduction in proppant use which can be useful for the application of the channel fracturing
technique.
1. Introduction
Hydraulic fracturing is a well-stimulation technology used in the oil
and gas industry for enhancing hydrocarbon recovery and alleviating
near-wellbore damage. This technique consists of initiating, propa-
gating and opening a fracture from the wellbore towards a hydro-
carbon-bearing layer by a pressurised fluid. Granular particles called
“proppants”, which range from natural sands to synthetic materials, are
pumped into the created fracture along with the fracturing fluid. Once
the injection pressure is relieved, the assembly of proppant particles,
referred to as the proppant pack, plays the dual role of providing me-
chanical support and a porous pathway for fluid flow within the frac-
ture.1
In practice, several damage mechanisms tend to impair the perme-
ability of the proppant pack and hence, the efficacy of the fracturing
treatment. For e.g., fracturing gel residue and mineral precipitates tend
to deposit in the pore space of the proppant pack leading to reduced
porosity and permeability.2,3 Fine particles produced due to the loca-
lised crushing of the rock and proppant pack at high confining stresses
can also plug the pore space of the proppant pack.4,5 Attempts to al-
leviate the adverse impact of these damage mechanisms on fracture
conductivity generally results in increased cost of the fracturing treat-
ment.6
An alternative and cost-effective solution is to decouple the load
bearing task of the proppant pack from that of providing a fluid
pathway. This decoupling can be achieved through the discontinuous
placement of proppant in the fracture, thereby creating open channels
or voids between the proppant columns, as illustrated in Fig. 1. The
technique of non-uniform proppant placement is known as ‘channel
fracturing’ and although the idea of discontinuous proppant placement
was proposed in the early days of hydraulic fracturing,7 the technique
was adopted in practice only recently.8–11 Such a proppant placement is
analogous to the partial proppant monolayer placement often employed
in the stimulation of natural fractures.12–14
In such partially-filled fractures, fluid seeping into the fracture from
the porous reservoir would flow locally through the proppant columns
into the surrounding channels and globally along the network of open
channels into the wellbore. Under such flow conditions, the poor per-
meability of the proppant pack would not severely limit the overall
conductivity of the fracture. Discontinuous proppant placement could
also result in significant cost savings, especially in the case of large
fracturing jobs, such as multiple vertical fractures emanating from a
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Received 8 February 2017; Received in revised form 27 September 2017; Accepted 19 October 2017
⁎ Corresponding author.
E-mail addresses: aditya.khanna@adelaide.edu.au (A. Khanna), hao.luong@adelaide.edu.au (H. Luong), andrei.kotousov@adelaide.edu.au (A. Kotousov),
g.nguyen@adelaide.edu.au (G.D. Nguyen), francis.rose@dsto.defence.gov.au (L.R.F. Rose).
International Journal of Rock Mechanics and Mining Sciences 100 (2017) 124–137
Available online 05 November 2017
1365-1609/ © 2017 Elsevier Ltd. All rights reserved.
T
single horizontal wellbore.15
The ‘channel fracturing’ technique involves the injection of prop-
pant-laden fluid into the fracture in short pulses that are alternated with
pulses of proppant-free fluid.16,17 Fibers or agglomerating gels are
added throughout the operation to mitigate the dispersion of the
proppant-laded pulses as they travel through surface equipment, along
the wellbore and within the fracture.8,11 The relative duration of the
proppant-laden pulses during the injection stage governs the volume
fraction of the proppant-free channel network and the spacing between
the adjacent proppant columns.
It is expected that an increment in the proppant column spacing or
channel volume fraction would be beneficial up to a certain point, since
it would result in a greater increase in the overall fracture conductivity.
However, this trend cannot be sustained indefinitely and too large of a
column spacing would result in excessive deformation of the channels,
and an overall decrease in the fracture conductivity. Hence, there must
exist an optimal volume fraction of the channel network, i.e. an optimal
spacing between the proppant columns, for which the overall fracture
conductivity gain is maximised.
The objective of the present article is to demonstrate the existence
of an optimal value of the proppant column spacing (or volume frac-
tion), and to provide numerical results which demonstrate the potential
benefits and limitations of this technique under typical field conditions.
Although studies with a similar motivation have recently appeared in
the literature,18–20 the novelty of the present study lies in its refined
modelling approach and the insight provided by its numerical results.
In the next section, the formulation of the problem is presented along
with the modelling assumptions. In Section 3, the details of the solution
procedure are presented. The dependence of the fracture residual
opening and conductivity on the mechanical properties of the rock and
proppant, magnitude of compressive stress, and the spacing between
proppant columns is described through a set of parametric studies in
Section 4.
2. Problem formulation
Consider the problem of a hydraulic fracture created in a homo-
genous, elastic and isotropic rock layer and filled partially with prop-
pant particles. As illustrated in Fig. 1a, the geometry of a hydraulic
fracture is planar and the distribution of proppant in the fracture is
irregular. Determining the planar distribution of proppant in the frac-
ture in terms of the proppant injection schedule or perforation spacing
at the wellbore is beyond the scope of the present work. Instead, the
main interest is to investigate the dependence of the fracture residual
opening and fluid conductivity on the size of the proppant columns and
gaps between them. For simplicity, the arrangement of the proppant
columns in the fracture is considered to be regular and a 2D equivalent
of the actual 3D problem geometry is considered.
In this simplified problem, shown in Fig. 2a, the rock layer extends
along the x -y plane and the fracture is aligned with the x -axis. The
proppant columns are considered to be equal in width, b2 , and the
spacing between adjacent columns, >a b2 2 is uniform along the length
of the fracture, L2 . Since the fracture length is significantly greater than
all other characteristic dimension of the problem, i.e. ≫L a b δ, , o, the
problem geometry can be idealised as periodic, with unit cell shown in
Fig. 2b. The column width to spacing ratio, a b/ in the simplified pro-
blem (Fig. 2b) corresponds to the volume fraction of proppant-filled
regions in the actual fracture geometry (Fig. 1a).
Fig. 1. (a) Schematic diagram (not-to-scale) of a partially filled fracture created using the
channel fracturing technique, (b) The section view shows the initial (undeformed) frac-
ture opening during the proppant injection stage.
Fig. 2. (a) 2D model of a hydraulic fracture supported by equispaced proppant columns, and (b) detailed view of the unit cell of the periodic fracture geometry.
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The lateral in-situ stress, σo acts normal to the fracture length and is
opposed by the normal stress σ x( )p generated by the proppant columns.
The residual opening of the partially-filled fracture, δ x( ) is smaller than
its initial opening δo, during the fluid injection stage due to the com-
pressibility of the proppant pack. The loss of fracture opening is con-
sidered to be due to the consolidation of the proppant pack and the
elastic deformation of the rock. Loss of fracture opening due to the
embedment of proppant grains into the rock is neglected. Later in the
paper, a method for estimating the effective conductivity of the planar
fracture geometry (Fig. 1a) from the residual opening profile of the unit
cell will also be presented.
2.1. Mechanical response of the proppant columns
A proppant column can be treated as an assembly of particles held
together by the cohesive, capillary and frictional forces. The stability of
the column depends upon a number of parameters, including the par-
ticle size and shape distribution, the opening of the fracture, the mag-
nitude of the confining lateral stress, and the fluid drag force acting on
the column walls during the production stage.21,22 High speed flow in
the open channels surrounding the proppant columns tend to reduce
their stability.21 In order to counteract this effect, additives or coatings
are utilised during the implementation of the channel fracturing tech-
nique. Examples of additives include chopped fibers23,24 and thermo-
plastic strips25 and examples of coatings are surface modification
agents26 and curable resins.27 In this study, it is assumed that the
proppant columns resist erosion during the production stage.
The compressive loading on the proppant columns leads to the re-
duction of the column height accompanied by lateral expansion along
the column width. The lateral expansion of the column has the effect of
reducing the gap between the proppant columns and redistributing the
stresses within the proppant column. However, the limited experi-
mental results available in the literature17 suggest that the lateral ex-
pansion of the column approaches a steady value and the lateral strain
decreases monotonically with increasing column width (see Fig. 3).
This implies that the lateral expansion of proppant columns is non-
uniform, occurring mostly near the perimeter of the column while the
interior remains laterally constrained.
By extrapolating the available experimental results it can be argued
that the lateral strain would be negligible at field-scale, where columns
can be several meters wide. For example, at a confining stress of
20.7 MPa and column width of 50 cm (smallest value considered in our
numerical study) the lateral strain as extrapolated from Fig., 3 would be
~ 2%, which corresponds to an increase in column width by ~ 1 cm. In
this instance, the effect of the lateral expansion cannot be ignored if the
gap between the columns, −a b2( ) is also of the order of few centi-
metres. However, for simplicity of the problem formulation, the lateral
expansion of the column is ignored, the consequence of which is yet to
be investigated.
Since the stiffness and strength of individual particles is quite high,
the uniaxial deformation or consolidation of the proppant columns is
largely achieved through particle rearrangement into a tighter packing.
Particle rearrangement into a more compact configuration results from
particle slip and rotation as well as through particle damage.28 The
particle damage mechanisms include the abrasion or grinding of par-
ticle surface asperities, breaking or crushing of particle surface pro-
trusions and sharp corners and edges, and fracture, splitting or shat-
tering of particles.28–31 The degree of particle damage together with
inter-particle slip and rotation determine the mechanical response of a
particular proppant pack.28
Several consolidation models have been proposed in the literature
to describe the mechanical response of granular assemblies over a wide
range of applied stresses.32 Although these models take into account the
physical mechanisms for consolidation, their accuracy increases only at
the expense of an increasing number of unknown material parameters.
Therefore, the present study adopts a simple empirical model for uni-
axial proppant consolidation which is calibrated by experimental re-
sults for uniaxial compression of proppant columns. The compressive
stress in the proppant column, σp is related to the proppant settlement










where α and β are the dimensionless fitting parameters. The settlement
ratio, λ is defined as the ratio between the change in the height of the
proppant column and the original height, i.e.
= −λ δ δ δ( )/ ,o o (2)
where δo is the initial height of the unloaded proppant column and δ is
the height of the column at some compressive stress, σp. The value of λ
lies in the interval (0, 1) and Eq. (1) correctly predicts that =σ 0p at
=λ 0 and →∞σp as →λ 1. Note that the constant σpo is solely in-
troduced to ensure that Eq. (1) is dimensionally correct. It has the same
units as the experimentally measured stress, σp and has a numerical
value of unity. For example, if the stress σp is measured in MPa, the
value of =σ 1po MPa.
Experimental results obtained by d'Huteau et al.17 are used to ca-
librate the model (Fig. 4) and to obtain the values of the fitting para-
meters. In these tests, the initial height of the proppant columns, δo was
6 mm and the proppant columns were placed in a hydraulic press
equipped with sensors for monitoring the load and the distance be-
tween the press rams. Compressive stresses of up to 228 MPa were
applied and the experimental results in the range of 0–50 MPa have
been used to fit the empirical model. The calibrated empirical model is
used to describe the compressive behaviour of the proppant pack in the
next section.
Fig. 3. Laboratory measurements for the lateral expansion of proppant columns under a
compressive stress of 20.7 MPa.17 The fiber-laden proppant columns were fabricated from
20/40 mesh size ceramic proppant.
Fig. 4. Experimentally observed relationship between the compressive stress and the
proppant column settlement. The solid lines represent the best fit obtained using Eq. (1).
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It should be highlighted that the obtained values of the fitting
parameters can vary greatly with the choice of the proppant, presence
or absence of additives (resin coatings, fibers), degree of fluid satura-
tion of the proppant columns, and the type of applied loading (uniaxial
vs triaxial). Hence, for the practical application of the approach de-
veloped in this paper, the fitting constants must be re-determined for
the selected proppant and experiments conditions must be selected to
closely resemble the anticipated in-situ conditions.
2.2. Governing equations for the residual opening of the fracture
The distributed dislocation technique (DDT), which is based on the
pioneering works of Bilby, Cottrell and Swinden,33 and Bilby and
Eshelby34 is used to formulate the crack problem. In this technique, the
displacement discontinuity, i.e. the relative opening or slip between the
crack faces, is modelled by a continuous distribution of ‘strain nuclei’ or
point sources of strain. The basic strategy is to then distribute these
strain nuclei in a manner such that the traction boundary conditions
along the crack faces are satisfied. The stress field induced by a single
strain nucleus satisfies the equilibrium, constitutive and compatibility
equations of the theory of classical linear elasticity and serves as the
fundamental solution or Green's function for obtaining the stress field
induced by the continuous distribution of strain nuclei.
In the case of plane (two-dimensional) elasticity problems, the ap-
propriate strain nucleus is the familiar edge dislocation, and although it
has precisely the same characteristics as the edge dislocation arising as
a lattice defect in crystalline solids, the quantity is used here for gen-
erating a controlled state of stress in the elastic medium and the pre-
sence of any lattice defects is not implied. Prior to developing the
governing equations for the elasticity problem, we briefly review the
fundamental solution for the stress field arising due to a single edge
dislocation in an infinite body. A dislocation located =x 0, =y 0 with
Burger's vector = +b i jb0ˆ ˆy produces a displacement jump
= − = = −+ −v x y v x y b H x( , 0 ) ( , 0 ) ( ),y (3)
where v x y( , ) is the y-component of the displacement field. The dis-
placement jump is equivalent to making a cut along < =x y0, 0,
pulling the material apart and inserting a strip of material of thickness,
by, before re-joining. The stress field arising from the displacement
jump (3) is known to be35





















where = +r x y2 2 2 and E is the generalised Young's modulus, defined
as =E E under plane stress conditions or = −E E ν/(1 )2 under plane
strain conditions.
Now consider a continuous distribution of dislocations along
− ∞ < < ∞ =x y, 0, such that the strength of an infinitesimal dis-
location lying between =x ξ and = +x ξ dξ is =db B dξ.y y The stress
field induced by the continuous distribution of dislocations is obtained
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The functional form of the dislocation density function, B ξ( )y , is
determined based on physical considerations relevant to the problem at
hand. For the unit cell of the problem geometry, shown in Fig. 2, the
symmetry of the problem geometry about the x -axis implies that:
= =σ x y y( , ) 0, 0,xy (10)
and the periodicity of the problem requires that
= =σ x y x( , ) 0, 0,xy (11a)
= = ±σ x y x a( , ) 0, .xy (11b)
Since no external shear stresses act on the unit cell, it is the shear
stress induced by the distributed dislocations, ∼σ x y( , )xy , that must satisfy
these boundary conditions. The traction boundary condition along the














where σ x( )p is the continuous normal traction applied to crack surface
by the proppant pack. The lateral in-situ stress acting normal to the
crack can be expressed as
= − + →∞σ x y σ x y( , ) , .yy o 2 2 (13)
In Eqs. (12) and (13), the normal stresses are considered to be po-
sitive under tension.
To deduce the correct functional form of the dislocation density,
first consider the shear stress induced by the distributed dislocations














2 2 2 (14)
The symmetry condition (11a), i.e. =∼σ y(0, ) 0xy can only be satisfied
by Eq. (14) if the dislocation density is an odd function of ξ i.e.
− = −B ξ B ξ( ) ( )y . Additionally, since the dislocation density must vary
continuously as it changes sign from positive to negative, it must be
equal to zero at =ξ 0. A similar argument can be made regarding the














2 2 2 (15)
The requirement ± =∼σ a y( , ) 0xy can be satisfied by Eq. (15) only if
the dislocation density is odd about = ±x a. Keeping in mind the per-
iodic nature of the problem, this condition can be satisfied by setting
the dislocation density function to be equal to zero at = ±x a and re-
quiring it to be periodic, such that + =b x an b x( 2 ) ( )y y ,
= ± ± …n 0, 1, 2, . It can also be checked that the symmetry condition
(10) is satisfied by Eq. (9) for all B ξ( )y .
We now proceed to the application of DDT to obtaining the gov-
erning integral equation for the dislocation density function. It follows
from the superposition principle that the stress state in the cracked
body can be written as a summation of the stress state in the body in the
absence of the crack and the stress state induced by the separation of the
crack faces, i.e. the continuous distribution of dislocations.36 For ex-
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The stress field induced by the distributed dislocations vanishes as
+ →∞x y2 2 , hence the expression for σyy obtained above satisfies the
boundary condition (13). The normal traction along =y 0 can be ob-
tained from Eq. (16) as












Exploiting the periodic nature of the dislocation density function,
above expression can be reduced, after some algebraic manipulations,
to the following
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Utilising the symmetry of the dislocation density function about
=x 0, Eq. (18) can be further reduced to


















where the kernel K x ξ( , ) is given by
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where H () is the Heaviside step function. Eq. (22) is the governing
singular integral equation for the unknown dislocation density func-
tion, B ξ( )y .
There is obviously a close relationship between the dislocation
density and the relative separation between the crack faces at any point,
= = − =+ −δ x v x y v x y( ) ( , 0 ) ( , 0 ). To establish this relationship, we note
that = =δ x a δ( ) min, Fig. 2b, and that the insertion of dislocations along
<x a increases the crack opening,37 so that








The reaction stress due to the proppant column, σ x( )p can be related
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β
(24)
This dependence of the proppant reaction stress on the crack
opening and consequently, on the dislocation density, renders the sin-
gular integral Eq. (22) non-linear. Equations of this form arises in the
formulation of a range of other crack problems which involve a con-
tinuous distribution of tractions on the crack faces. Some examples
include fatigue cracks in aircraft panels repaired by composite pat-
ches38 and matrix cracks in fiber-reinforced composites.39 Analytical
solution to such singular integral equations is not possible and the
numerical solution procedure for this class of integral equations, and
Eq. (22) in particular, is presented next.
3. Solution procedure
The first step of the solution procedure is normalising the interval in
Eqs. (22)–(23) from a[0, ] to −[ 1, 1]. The substitution = +x a t( /2)( 1)
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where the regular part of the kernel,
∑′ = + − + + +
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The crack opening displacement δ t( ) over the normalised interval
can be obtained from Eq. (23) as follows:





The dislocation density function, B s( )y , is then represented as the
product of an unknown regular function, ϕ s( ), and a fundamental
function, ω s( ), which takes into account the asymptotic behaviour of
the solution for dislocation density at = ±s 1.40 As discussed previously,
the symmetry of the present problem requires that the dislocation
density be equal to zero at =ξ a0, i.e. =B s( ) 0y at = ±s 1. The ap-
propriate form for the fundamental function, ω s( ) which satisfies this
requirement is = −ω s s( ) (1 )2 .36,40 For the chosen fundamental func-
tion, the Guass-Chebyshev quadrature is used to reduce the singular
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The set of N discrete integration points are given by36
= = …+( )s cos π i N, 1, , ,i iN 1 (29)
and the N collocation points are given by36
= = … +−+( )t cos π k N, 1, , 1.k kN2 12( 1) (30)
The system of Eq. (27) is non-linear and requires iterative solu-
tion.39,41 Let the array = … = …ϕ ϕ ϕ ϕ ϕ s ϕ s ϕ s{ } { , , , } { ( ), ( ), , ( )}N T N T1 2 1 2
contain the unknown values of the function ϕ s( ) at the N integration
points along the crack. Also, let the array
= … +F ϕ ϕ ϕF F F{ } [ ( ), ( ), , ( )]N1 2 1 represent the left hand side of (27)
evaluated at ϕ{ }. Then the value of ϕ{ } which satisfies the system of
equations, =F{ } 0, within some allowed tolerance or error, is the so-
lution or root to the system of Eq. (27). The iterative solution procedure
requires an initial guess for the solution, ϕ{ }0 as well as the Jacobian
matrix, which contains all first-order partial derivatives of the vector-
valued function F{ }. For the present problem, the elements of the Ja-
cobian matrix J[ ] can be obtained as:
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The initial guess solution is chosen to be
= … = …ϕ ϕ ϕ ϕ{ } { , , , } ϵ{1, 1, ,1}N T T0 1 2 0 , where →ϵ 0. This guess solution
corresponds to zero dislocation density along the crack i.e. a constant
initial crack opening. The parameter ϵ is kept infinitesimally small but
non-zero to avoid the elements of the Jacobian matrix from becoming
singular. The least-square solution to the overdetermined system of
equations is obtained using the MATLAB nonlinear solver ‘fsolve’ which
utilises the trust-region reflective algorithm.
In order to obtain a solution to the system of Eq. (27), it is first
required to guess the value of the integration constant, δmin, which
corresponds to the residual opening at = ±x a. This is because the
system of governing equations is written in terms of the dislocation
density, i.e. the derivative of the residual opening, rather than directly
in terms of the residual opening. The system of Eq. (27) is solvable,
provided that the selected value of the unknown constant δmin in Eq.
(28), lies between 0 and δ D1 , where =δ 0min corresponds to the contact
between the fracture faces at = ±x a, and =δ δmin D1 corresponds to the
case when the entire unit cell is filled with proppant. In the latter case,
the proppant column is subjected to uniaxial strain and the constant
residual opening of the unit cell can be obtained by substituting =σ σp o













The correct value of δmin lies between these two limits and is se-
lected by trial-and-error, such that the obtained solution satisfies the










The integral in Eq. (33) can be evaluated using the trapezoidal rule
from the solution for σp obtained at the +N 1 collocation points.
At any given proppant column width, b2 , the value of δmin decreases
from δ D1 to 0 as the value of column spacing, a2 increases from b2 to
some critical value, a2 *. If the column spacing is increased beyond this
critical value, the crack faces would come in contact over ≤ ≤a x a* .
The presence of the contact region does not significantly alter the so-
lution procedure due to the symmetry of the problem. When >a a*, the
residual opening over <x a* can be obtained by taking =a a* in the
solution procedure and the residual opening over the contact region
≤ ≤a x a* would be equal to zero. However, this case corresponds to
partially-closed channels and hence is of little practical interest.
4. Numerical results
In this section, the effects of partial filling of the fracture are ex-
amined through a series of numerical calculations. The governing
parameters of the developed theoretical model are: the column spacing,
a2 and width, b2 , initial opening of the fracture, δo, the magnitude of the
lateral in-situ stress, σo, Young's modulus of the rock, E and the me-
chanical properties of the proppant pack, σpo, α, and β. The numerical
values of δo, E , σpo, α, and β are kept fixed throughout the calculations.
Keeping the column width b2 and lateral stress σo fixed, the value of the
column spacing a2 is varied to alter the volume fraction of proppant in
the fracture and the residual opening and fracture transmissivity are
calculated at each increment of column spacing. This analysis is con-
ducted for a combination of three different values of the column aspect
ratio b δ2 / o and two values of the lateral stress, σo. The values of the
governing parameters selected for the numerical calculations are re-
presentative of typical field values and are summarised in Table 1.
4.1. Residual opening profile of the unit-cell
The conductivity of a fracture is strongly dependent on its
opening,42,43 hence we begin by examining the influence of the gov-
erning parameters on the residual opening profile of the partially-filled
fracture, δ x( ). The numerical results for the residual opening are pre-
sented in Figs. 5 and 6 for lateral in-situ stresses, =σ 10o and 50 MPa,
respectively. At each value of stress, three values of the column width,
=b2 0.5, 2.5 and 5 m are considered and plots are presented for each
combination of σo and b2 . In each plot, the proppant column width, b2 is
kept fixed and the value of the column spacing, a2 is increased until
= =δ δ x a( )min becomes close to zero. Increasing the column spacing in
the 2D model corresponds to decreasing the proppant volume fraction
in the actual fracture geometry (Fig. 1).
Plots (a), (c) and (e) of both figures show the variation of the re-
sidual opening over interval < <x a0 i.e. along one half of the unit
cell. Due to symmetry of the problem geometry about =x 0, the re-
sidual opening along the other half of the unit cell is simply
− =δ x δ x( ) ( ). The residual opening along the length of the fracture is
periodic such that + =δ x an δ x( 2 ) ( ), where = ± ± …n 0, 1, 2, . The re-
sidual opening at key locations, =x b and =x a, is presented separately
in plots (b), (d) and (f), as a function of the gap between adjacent
proppant columns, −a b2( ). The average residual opening over
< <x b0 , denoted by δ1, and over < <b x a, denoted by δ2, are also
displayed on these plots. The parameters δ1 and δ2 correspond to the
average proppant column height and the average channel opening,
respectively.
The average column height, δ1 was found to decrease only slightly
with increasing gap between the proppant columns and this effect was
most pronounced for =b 50 cm. The average channel opening, δ2 de-
creased more rapidly with increase in the gap between columns.
However, the dependence of the average channel opening on the width
of the columns was less prominent. Comparing plots (b), (d) and (f), we
find that the maximum permissible gap between the column, corre-
sponding to =a a*, increased by roughly 30% at =σ 10o MPa and
roughly 5% at =σ 50o MPa, as the column width increased ten-fold
from 50 cm to 5 m. This weak dependence is observed because the se-
lected values of column width, b2 were much greater than the initial
column height, δo. A similar dependence was observed in previous
studies dealing with the residual opening due to a single rigid inclu-
sion.44,45
The dependence of the cross-section area of the open channels on
the gap between proppant columns is shown in Fig. 7. The channel
cross-section area, Ac initially increases and reaches a maximum value
before decreasing as the gap between the columns, −a b2( ), increases.
The decrease in the cross-section area is due to the rapid decrease in
average channel opening as the column spacing approaches its critical
value a2 *. It should be noted that the column spacing a2 at which the
cross-section area is maximised is not the optimal spacing. The optimal
spacing is determined in the next section based on the calculations of
the average fracture conductivity. As in the case of the channel residual
opening before, the cross-sectional area of the channels depends weakly
on the column width, provided that ≫b δ2 o. The dependence of the
channel cross-section area on the lateral stress is more pronounced.
Table 1
Selected numerical values of governing parameters.
Parameter Value
δo 5 mm
b2 0.5, 2.5, 5.0
σo 10, 50 MPa
E 10 GPa
σpo 1 MPa (Fig. 4)
α 5.543 (Fig. 4)
β 3.873 (Fig. 4)
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Increasing σo from 10 MPa to 50 MPa leads to an order of magnitude
decrease in the channel cross-section area and roughly a five-fold de-
crease in the maximum permissible gap between columns.
4.2. Average conductivity of the fracture
Three key features of the fluid-flow in partially-filled fractures are:
(1) the fluid flows through a two-phase medium, comprising of porous
proppant columns alternating with open channels, (2) the fracture
Fig. 5. Effect of the width of proppant columns and the gaps between them on the residual opening profile at a lateral in-situ stress of 10 MPa.
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aperture varies along the fracture length, and (2) the local streamlines
are not aligned with the global pressure gradient (see Fig. 1). The
governing Navier-Stokes equations are not amenable to solution by
means of analytical techniques for the problem under consideration;
however, they can be simplified greatly if certain kinematic and
geometric conditions are satisfied. Provided that the viscous forces
dominate the inertial forces and the fracture aperture does not vary
abruptly,46 which is generally the case for rock fractures, the flow in the
open channels can be described by the Reynolds lubrication equation
and the flow in the proppant columns can be described by Darcy's
Fig. 6. Effect of the width of proppant columns and the gaps between them on the residual opening profile at a lateral in-situ stress of 50 MPa.
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law.46 The coupling of these equations and their upscaling from the fine
scale (unit-cell) to the coarse scale (fracture) is still a challenging task,
requiring the aid of numerical techniques such as the finite element
method.18
Instead we provide an estimate for the effective fracture con-
ductivity which lies between upper and lower bounds obtained in ac-
cordance with variational principles as follows47,48
< <−k k k1/ .eff1 (34)
For a heterogeneous conductive medium, the lower bound, −k1/ 1
corresponds to the situation in which all the conductive elements are
arranged in series, whereas the upper bound, k corresponds to a
parallel arrangement of the individual elements.47 For the problem
geometry shown in Fig. 2, these extreme cases correspond to one-di-
mensional fluid flow along the x -direction (along the fracture length) or
z-direction (into the page), respectively.
In our problem, it is expected that at some points along the fracture,
the fluid will flow along the x-direction, whereas at other points, it will
flow along the z-direction. As a result, the assumption of series (or
parallel) arrangement of conductive elements would underestimate (or
overestimate) the actual effective conductivity.47 Hence, we estimate
the effective conductivity of the fracture as the geometric mean of the
upper and lower bounds, i.e.
= −k k k1/eff 1 (35)
The above expression was obtained by Zimmerman et al.47 who also
showed that Eq. (35) provides similar estimates for the effective frac-
ture conductivity as the geometric mean of the narrower Hashin-
Shtrikman bounds.
The local conductivity at a point along the unit cell, k is defined in






K δ x x b
δ x b x a
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where Kp is the proppant column permeability and δ x( ) is the residual
opening profile of the fracture. The column permeability is considered
to be constant along <x b and its dependence on the compressive stress
acting on the proppant column is neglected. This assumption does not
introduce any significant error in the analysis since the permeability of
typical proppant columns ( −~10 10 m2) is already several order of mag-
nitudes lower than the effective permeability of open channels, δ /122
( −~10 7 m2 for =δ 1 mm).
Substituting Eq. (36) into (34) yields the lower (series) and upper
(parallel) bounds for the fracture conductivity as follows:































The estimate for the effective fracture conductivity is obtained using
(35) as




































Results for keff vs. the gap between columns are presented in Fig. 8
for = −K 10p 10 m2. For this selected value of proppant column perme-
ability, the maximum conductivity of a fully-filled fracture with an
Fig. 7. Effect of the width of proppant columns and the gaps between them on the cross-
section area of the open channels.
Fig. 8. Effect of the width of proppant columns and the gaps between them on the effective fracture conductivity.
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initial crack opening, =δ 5o mm is = × −K δ 5 10p o 13 m3. In Fig. 8, the
effective fracture conductivity of the partially-filled fractures was found
to always exceed this value in the presence of open channels. At any
given column spacing and stress, the effective fracture conductivity
increased with decreasing column width, b2 . Hence, it is desirable to
minimise the column width, i.e. the relative time duration of the
proppant-laded pulses, during the implementation of the channel-
fracturing technique.
An optimal gap between the proppant columns is identified, for
which the effective fracture conductivity is maximised. This optimal
gap was found to depend weakly on the column width ( ≫b δ2 o), and
significantly on the lateral in-situ stress. At =σ 10o MPa, the optimal
gap, −a b2( ) was roughly 0.3 m, which corresponds to =a b/ 1.5, 1.12
and 1.06 at =b2 0.5, 2.5 and 5 m, respectively. At =σ 50o MPa, this
optimal gap reduced to approximately 0.05 m, which corresponds to
=a/b 1.1, 1.02 and 1.01 at =2b 0.5, 2.5 and 5 m, respectively. It becomes
apparent that the columns need to be placed quite close to one another,
especially at high levels of lateral in-situ stress. Fig. 9 shows the optimal
volume fraction of the open channels (i.e. the amount of proppant
saved) for the considered values of in-situ stress and column width.
An important governing parameter not considered so far in the
parametric study is the Young's modulus of the rock, E . All previous
calculations were performed for =E 10 GPa, which is a typical value
for many oil/gas bearing rocks. Also, only two values of in-situ stress
(10 MPa and 50 MPa) were considered. In Fig. 10, some main results
are presented for Young's moduli of up to 50 GPa as well as for inter-
mediate values of in-situ stress. In these calculations, the proppant
column width b2 is taken as 1 m. From Fig. 10a it becomes apparent
that optimal implementation of the channel fracturing technique, i.e.
discontinuous proppant placement, may result in one to two orders of
magnitude increase in the fracture fluid conductivity under a wide
range of in-situ conditions. Fig. 10b shows that the reduction in prop-
pant use arising from the optimal application of the channel fracturing
technique can vary significantly, from a mere 5% ( =σ 500 MPa,
=E 10 GPa) up to 50% ( =σ 100 MPa, =E 50 GPa).
It is important to reiterate that all of the above results have been
obtained for specific values of the fitting parameters α and β (Fig. 4)
and the effects of proppant embedment in the rock and lateral expan-
sion of the proppant columns have been ignored. Hence, these results
pertain to a specific type of proppant and serve as an ‘upper limit’ for
the maximum achievable increase in fracture conductivity and reduc-
tion in proppant use by the discontinuous proppant placement.
4.3. Compressive stress induced in the proppant column
Aside from the fracture conductivity, another important considera-
tion when selecting the proppant column spacing is the compressive
stress induced in the proppant column. As the gap between the columns
increases, the compressive stress acting on the columns increases,
especially near the column edges. The additional compressive stresses
may lead to localised effects, such as the embedment of proppant
Fig. 9. Optimal values of the channel volume fraction under typical field conditions.
Fig. 10. (a) the dependence of maximum effective conductivity on Young's modulus and in-situ stress. The case of =K K δ/( ) 1eff p D1 corresponds to fully-propped fracture; (b) the
dependence of optimal proppant volume fraction on Young's modulus and in-situ stress. The case of =b a/ * 100% corresponds to fully-propped fracture.
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particles in the rock, or more severe effects, such as the collapse of the
columns. We do not try to incorporate these effects into our model, but
simply provide numerical results for the stress distribution in the
proppant columns.
The compressive stress induced in the proppant column, σ x( )p is
related to the residual opening δ x( ) along the column width <x b ac-
cording to Eq. (24). The variation of σ x( )p along the normalised column
width, x b/ , is shown in Figs. 11 and 12. For a fully filled fracture, i.e.
=a b, the reaction stress in the proppant pack is equal to the lateral in-
situ stress σo and remains constant along the length of the fracture. As
the gap between the columns, −a b2( ) increases, the reaction stress σp
increases non-uniformly along the width of the column. The greatest
increase occurs at the edges of the column, =x b and the smallest
increase occurs at the center of the column, i.e. =x 0. The distribution
Fig. 11. Effect of the width of proppant columns and the gaps between them on the proppant reaction stress at a lateral in-situ stress of 10 MPa.
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of the reaction stress is such that the average value =σ σ a b/p avg o, , i.e.
the equilibrium condition (33) is satisfied.
The numerical values for the maximum compressive stress in the
proppant pack at the optimal column spacing are provided in Table 2
The maximum stress in the proppant pack is found to be roughly 2.5
times greater than lateral in-situ stress based on the present calcula-
tions. Hence, localised effects, such as proppant crushing or embed-
ment, would be more prominent near the column edges.
Fig. 12. Effect of the width of proppant columns and the gaps between them on the proppant reaction stress at a lateral in-situ stress of 50 MPa.
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5. Conclusion
A simplified theoretical model was developed to obtain optimal
estimates for the residual opening and effective conductivity of par-
tially-filled fractures created using the channel fracturing technique.
The key strength of the model lies in the use of an experimentally ca-
librated ‘traction law’ to accurately capture the compressive behaviour
of fiber-laden proppant columns, in contrast with previous studies,
which assume the column to be linearly elastic and hence over-estimate
the residual opening of the fractures.18–20 The resulting non-linear
problem is formulated using DDT, and an efficient numerical solution
procedure is developed to solve the governing equations. A method for
estimating the effective conductivity of the 3D fracture geometry from
the residual opening profile of the 2D unit cell is also be presented
Detailed numerical results are presented for the fracture residual
opening, effective fracture conductivity and reaction stress in the
proppant column. The obtained results are for one particular type of
proppant (fiber-laden 20/40 mesh ceramic) and are based on several
simplifying assumptions. Effects of proppant embedment and lateral
expansion of proppant columns can be incorporated to further improve
the developed approach. The main significance of the present results
lies in the qualitative trends which may guide engineers in the optimal
implementation of the channel fracturing technique. It is recommended
to minimise the column width, i.e. the relative duration of the prop-
pant-laden pulse during the injection stage of the fracturing treatment.
It is also recommended to account for high compressive stresses near
the column edges during the design stage of the fracturing treatment.
The developed approach can be readily extended towards the analysis
of hydraulic fractures in multilayered reservoirs.49
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Abstract: The channel fracturing technique is a recent development in the area of hydraulic fracturing 
which allows for discontinuous proppant placement within the fracture. The discontinuous placement 
results in a network of interconnected open channels within the fracture, which can significantly 
enhance the efficacy of fluid conductivity in the fracture. The purpose of this article is to investigate the 
optimal usage of the proppant in order to maximise the efficacy of the fracture conductivity. To this 
end, the study utilises a mathematical model to describe the effects of the mechanical properties of the 
rock and the proppant assembly, the magnitude of the compressive in-situ stresses and the 
arrangement of the proppant columns in the partially-filled fracture, upon its residual opening and 
effective conductivity. Mechanisms including the elastic deformation of the rock, the non-linear 
consolidation of the proppant assembly and the indentation of the fracture rock by proppant particles 
are considered. The numerical results provide estimates for the increase in fracture conductivity and 
decrease in proppant use under realistic conditions. In particular, attention is focused on rocks with 
high Young’s modulus and hardness, which are ideal candidates for the channel fracturing technique.  
 
Keywords: Channel fracturing, fracture opening, optimal proppant usage, proppant deformation, 
proppant arrangement, fracture conductivity.  
1. INTRODUCTION 
Proppant packs play the dual role of providing mechanical support and a pathway for fluid flow within a 
fracture. [1] However, several damage mechanisms lead to the plugging of the pore space of the 
proppant pack, and impair the permeability of the proppant-pack in practice. [2] Attempts to counteract 
these damage mechanisms and improve the proppant pack permeability generally increase the cost of 
the fracturing treatment. An alternative and cost-effective solution is to decouple the load bearing task 
of the proppant pack from that of providing a fluid pathway. Such a decoupling is achieved by 
discontinuous proppant placement within the fracture, with the intent of creating a stable network of 
open channels within the hydraulic fracture. [3-6] Discontinuous proppant placement may also result in 
cost savings, especially in the case of large fracturing jobs requiring several hundred tons of proppant 
to be placed within the fracture.  
 
Non-uniform proppant placement is achieved by injecting proppant-laden fluids into the fracture in 
short pulses that are alternated with pulses of proppant-free fluid. [7,8] Fibers or agglomerating gels 
are the added throughout the operation to mitigate the dispersion of the proppant-laded pulses as they 
travel through the surface equipment, along the wellbore and within the fracture. [9,10] Although the 
idea of discontinuous proppant placement was proposed in the early days of hydraulic fracturing, [3] 
the technique has only recently been adopted in practice. Current research efforts in the area are 
mainly directed towards the development of technologies and engineering practices necessary for the 
field application of this technique. [11] Limited attention has been paid to the mathematical modelling 
of the conductivity enhancing mechanisms in the channel fracturing technique. [12-15]  
 
The aim of the present article is to investigate the influences of mechanical properties of rock layer 
and proppant assembly, compressive in-situ stress, and proppant placement on the residual opening 
and effective conductivity of the fracture. From the results, an optimal proppant usage to maximise the 
effective conductivity is identified. 
  
91 
2. PROBLEM FORMULATION 
The problem of a hydraulic fracture created in a homogeneous, elastic, and isotropic rock is 
considered. For simplicity, the problem geometry is idealised as two dimensional and the proppant 
placement within the fracture is presumed to be uniform (Fig. 1). The in-situ stress    normal to the 
fracture length is balanced by normal stress   ( ) generated from the proppant columns. Since the 
length of the fracture,   , is significantly greater than column width,   , and the column spacing,   , 
the problem geometry can be considered to be periodic, and the representative unit cell is shown in 
Fig. 1b. Due to the compressibility of the proppant, the residual opening of the fracture,  ( ), is 
smaller than the initial crack opening,   , during fluid injection. The reduction of the crack opening due 
to embedment is neglected. 
 
 
Figure 1 - (a) 2D fracture geometry with discontinuous proppant placement; (b) unit-cell showing the 
residual opening of the partially-filled fracture. 
 
The deformation or consolidation of proppant columns is considered to be uniaxial. The stiffness and 
strength of proppant particles is quite high, therefore the consolidation of the proppant columns is 
largely achieved through particle rearrangement. The mechanical response of the proppant pack is 
described by an empirical model, whereby the compressive stress generated by the proppant 
columns,   , is related to the column height,  , through the following power-law relationship, [16] 
       (
 
   
)
 
  (1) 
where     is the multiplicative constant with the units of stress,   and   are the fitting parameters, and 
  is the settlement ratio. 
  
(    )
  
  (2) 
where    is the initial height of the proppant column at unloaded conditions, and   is the proppant 
column height at the compressive stress   . The value of   lies in the interval ,   ). 
3. MATHEMATICAL MODEL 
3.1. Residual opening profile 
The crack problem shown in Fig. 1b can be formulated in the framework of the distributed dislocation 
technique, and the crack opening can be represented by a continuous distribution of edge 
   
 
          (m)  
   
  
    










dislocations. The stress field induced by a single edge dislocation in an infinite body serves as the 
Green’s function for obtaining the stress field induced by the continuous edge dislocations and it only 
remains to distribute the dislocations in a manner that the traction boundary conditions along the crack 
line and at infinity are satisfied. After some standard algebraic manipulations, the governing integral 
equation for the dislocation density can be obtained as [16,17]: 
 ̅
  
∫  ( ) [
  
     
  (   )]   
 
 
      ( ) (  | |)        (3) 
where  ( ) is the Heaviside step function,  ̅ is the generalised plane strain (stress) Young’s modulus, 
and the kernel  (   ) is given as 
 (   )  ∑
  (           )
*(   )       +*(   )       +
 
   
  (4) 
The relationship between dislocation density,  ( ), and crack opening at any point, ( ), is given 
according to [18,19] 
 ( )       ∫   
 
 
( )             ( )  
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            (5) 
By substituting (2) into (1), the dependence of proppant reaction stress on crack opening can be 
obtained as 






The solution to the governing integral equation (3) yields the unknown dislocation density function, and 
the residual opening profile and proppant reaction stress can then be determined from Eqs. (5) and 
(6), respectively. The Gauss-Chebyshev quadrature technique is used to discretise the integral Eq. (3) 
into a system of non-linear algebraic equations, and the resulting equations are solved using the 
Newton-Raphson method. Details of the numerical solution procedure are provided elsewhere. [20,21] 
3.2. Effective fracture conductivity 
The effective conductivity of the partially-filled fracture can be estimated to lie between the lower and 




]       , -  (7) 
With reference to Fig. 1, the lower bound ,  ⁄ - corresponds to one-dimensional flow along the  -
direction (along the fracture length), and the upper bound, , - corresponds to one-dimensional flow in 
the  -direction (into the page). In other words, the lower bound corresponds to the case when the 
conductive elements (open channels and proppant columns) are arranged in series, and the upper 
bound corresponds to the conductive elements arranged in parallel. The effective fracture conductivity 
is expected to lie between these two bounds and was estimated as the geometric mean of the lower 
and the upper bounds, [22,23] i.e. 
     √[
 
 
] , -  (8) 
The local conductivity of a point along the fracture depends on its position within the fracture. The flow 
in the open channels can be described by the Reynolds lubrication equation and the flow in the 
proppant columns can be described by Darcy’s law. [24] Hence, 
 ( )  {
   ( )      | |   
 ( )       | |   
 (9) 
where    is permeability of the proppant column and  ( ) is residual opening profile of the fracture. 
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4. RESULTS AND DISCUSSION 
The influence of proppant column spacing, Young’s modulus of rock mass, and in-situ stress on 
residual opening profile and conductivity of the partially-filled fracture are investigated via numerical 
calculations. The governed parameters for the calculation are selected and presented in Table 1. 
Throughout the calculation,                  are kept fixed while proppant column space is 
incremented until the minimum channel opening approaches zero. For each column space increment, 
the residual opening profile and the conductivity are calculated. The calculations are performed for the 
combination of five values of Young’s modulus with five values of lateral in-situ stress.  
Table 1: Selected values of governing parameters for the numerical calculations 
Parameter Value Unit 
Proppant column width,         
Initial fracture opening,          
In-situ lateral (closure) stress,                        
Generalised Young’s modulus,                       
Fitting parameters for the proppant consolidation model 
         
                  
 
 
Figure 2 – The variation of residual opening of the unit cell with increase in column spacing. Plots (a)-
(c) correspond to an in-situ stress of 10 MPa and plots (d)-(f) correspond to a stress of 50 MPa. 
The dependence of residual opening profile on the Young’s modulus of the rock mass and 
compressive in-situ stress is shown in Fig. 2. The residual opening of a unit cell is investigated by 
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gradually increasing proppant column space from fully-filled fracture,    , until the minimum residual 
opening of the fracture reaches close to zero at    . Under the fixed in-situ stress, it is observed that 
a higher value of Young’s modulus results in a larger residual opening as well as a larger maximum 
permissible column spacing. Also, at a high level of stress,         , the rock mass and proppant 
column suffer an extensive deformation which leads to a significant decrease in both the residual 
opening and the maximum column space in comparison to those at a low stress,         . 
 
Figure 3 – The variation of effective fracture conductivity with the increasing gap between columns. 
 
The dependence of effective conductivity on the strength of the rock mass and compressive in-situ 
stress is presented in Fig. 3. With the selected proppant permeability      
   (  ), the calculated 
conductivity in fully-filled fracture,          
   (  ), is always lower than that that of a partially-
filled fracture. At any column spacing and compressive stress, the effective conductivity increases with 
the increase of Young’s modulus. The reverse effect is observed in the case of increase in the in-situ 
stress. An increase of stress from       MPa to    MPa, results in a roughly three times decrease in 
the effective fracture conductivity. Most notably, the optimal gap or spacing between columns is 
strongly affected by the magnitude of the in-situ stress.  
 
The maximum effective conductivity in partially-filled fracture containing open-channels greatly 
exceeds the conductivity in fully-filled fracture, and the comparison between these two cases is 
presented in Fig. 4a. At a low level of stress       MPa, the ratio between the maximum effective 
conductivity in partially-filled fracture and full-filled fracture         (    )⁄  increases from 74.8 to 138 
with the increase of E from    GPa to    GPa. This ratio is lower at a higher in-situ stress. At a high 
level of stress,       MPa, the ratio lies in a range from      to      according to increasing      
GPa to    GPa.  
 
At each set of Young’s modulus and lateral in-situ stress, an optimal column spacing    , which 
maximises the effective conductivity, can be defined. The ratio    ⁄ , which can be understood as the 
optimal proppant volume fraction, strongly depends on both the Young’s modulus and the in-situ 
stress, as shown in Fig. 4b. At stress       MPa, the optimal proppant volume fraction decreases 
from        to     when Young’s modulus increases from          to       . At stress        
MPa, the effective conductivity is maximised when the optimal proppant volume fraction is       and 
       at          and       , respectively. This suggests that significant reduction in proppant 
usage can be achieved, even at high stress levels, for rocks with high Young’s modulus. The savings 
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Figure 4 - (a) the dependence of maximum effective conductivity on Young’s modulus and in-situ 
stress. The case of     (     )⁄    corresponds to fully-propped fracture; (b) the dependence of 
optimal proppant volume fraction on Young’s modulus and in-situ stress. The case of    ⁄       
corresponds to fully-propped fracture. 
5. CONCLUSION 
A mathematical model is proposed to evaluate the residual opening and effective conductivity of 
partially-filled fractures, with applications to the optimisation of the channel fracturing technique. In the 
research, proppant consolidation is considered to be non-linear which more accurately describes the 
response of the proppant columns under compression. Attention is focussed on hard rock formations, 
in which proppant embedment is negligible. It is demonstrated that the fracture conductivity can be 
increased by several fold through the optimal application of the channel fracturing technique. It is also 
shown that rock with high Young’s modulus and hardness are ideal for the application of the channel 
fracturing technique. A further extension of the above analysis could be towards the examination of 
residual opening of fractures created in layered reservoirs, using the method presented in [25-27].  
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On the Application of the
Channel-Fracturing Technique to
Soft Rock Formations
Aditya Khanna, Andrei Kotousov, and Hao Thanh Luong, University of Adelaide
Summary
The application of the channel-fracturing technique can result in a significant increase in the conductivity of hydraulic fractures and
reduced proppant usage. In soft rock formations, the conductivity of the partially propped fractures would depend not only on the
volume fraction of the open channels, but also on the elastic deformation of open channels and fracture closure resulting from proppant
consolidation and embedment. In this study, an analytical approach is developed for identifying the optimal proppant column spacing
that maximizes the effective conductivity. The latter parameter can guide the design of the proppant-injection schedule and well-
perforation scheme. To demonstrate the approach, we conduct a parametric study under realistic field conditions and identify the folds
of increase in fracture conductivity and reduction in proppant use resulting from the optimized application of the channel-fracturing
technique. The outcomes of the parametric study could be particularly useful in the application of the developed approach to soft
rock formations.
Introduction
During the hydraulic stimulation of low-permeability rocks, a pressurized suspension of proppant particles is generally injected into the
natural or manmade fractures to fill the fracture volume with proppant particles. The deposited particles are expected to prevent the
complete closure of the fracture once the injection-fluid pressure is relieved. The assemblies of these granular particles also provide a
highly conductive pathway for fluid flow (Valko and Economides 1995). Several past studies have demonstrated that the porosity and
permeability of proppant packs degrade with time under the in-situ conditions due to a number of damage mechanisms (Barree et al.
2003; Weaver et al. 2006; Wen et al. 2007; Reinicke et al. 2010; Liang et al. 2016). The diminished permeability of the pack limits the
fluid conductivity of the fracture and can undermine the overall effectiveness of the hydraulic stimulation.
The long-term decline of proppant pack conductivity was apparent to the early pioneers in hydraulic fracturing, who proposed sev-
eral concepts for decoupling the load-bearing task of the proppant pack from that of providing a fluid-transport pathway. Most notably,
Darin and Huitt (1959) proposed the partial-monolayer concept and Tinsley and Williams (1975) suggested that a staggered arrange-
ment of proppant multilayers be used. Both concepts envisaged the development of a network of proppant-free channels within the frac-
ture, which could generate an alternative fluid-transport pathway and an increase in the effective conductivity of the fracture
(Bedrikovetsky et al. 2012; Khanna et al. 2013). Discontinuous or partial filling of the fracture with proppant multilayers instead of a
single monolayer offered the additional benefit of a larger fracture opening in soft rock formations prone to embedment. The latter con-
cept is often referred to as the channel-fracturing technique, and recent technological advancements have made it possible to achieve
such a discontinuous placement of proppants in the fracture (Gillard et al. 2010; Inyang et al. 2014; Malhotra et al. 2014). Field studies
have demonstrated that partially filled fractures generally have comparable or higher fluid conductivities than continuously filled frac-
tures (d’Huteau et al. 2011; Medvedev et al. 2013).
Motivated by the successful field trials, several modeling studies on the optimization of the channel-fracturing technique have
appeared in recent literature (Hou et al. 2016a, b; Morris et al. 2014; Yan et al. 2016; Zhang and Hou 2016; Zheng et al. 2017). Although
these modeling studies provide many useful practical recommendations, the choice of the fracture-deformation models used in these
studies is not entirely justified in the context of channel fracturing. For example, Hou et al. (2016a) and Zheng et al. (2017) modeled the
proppant columns as rigid cylindrical indenters and used the Hertz contact theory to determine the fracture opening. This approach is
more suitable for determining the opening of fractures supported by a monolayer of proppant particles (Khanna et al. 2012), and greatly
overestimates the fracture residual opening in the case of proppant multilayers (Khanna et al. 2014; Bortolan Neto et al. 2015).
Morris et al. (2014) and Yan et al. (2016) modeled the proppant columns as linear elastic cylinders with constant stiffness in an
attempt to incorporate the effect of proppant-pack deformation on the residual opening of the fracture. However, experimental observa-
tions suggest that the consolidation response of granular assemblies, such as proppant packs, is nonlinear, because the settlement or con-
solidation is largely achieved through particle rearrangement into a tighter packing rather than the elastic deformation of individual
particles (Mesri and Vardhanabhuti 2009). The particle rearrangement into a more compact configuration is caused by several mecha-
nisms, including particle slip and rotation and particle damage. The degree of particle damage and interparticle slip and rotation deter-
mine the unique and nonlinear mechanical response of any specific granular assembly (Roberts and de Souza 1958; Hardin 1985; Coop
1990; Mesri and Vardhanabhuti 2009). In fact, several consolidation models exist in the literature to describe the mechanical response
of various granular assemblies over a wide range of applied stresses (Pestana and Whittle 1995).
A micromechanical approach for calculating the deformation of partially filled fractures was developed by Hou et al. (2016b) and
Zhang and Hou (2016). Their approach uses the elementary solution for two elastic spheres squeezed by a pair of normal point forces to
evaluate the deformation of the proppant pack as well as the embedment of the proppant particles into the rock (Gao et al. 2013; Li
et al. 2015). Although this approach is more general than linear spring models, it cannot adequately capture the deformation of a multi-
layered proppant pack because the system of forces acting on individual particles in a multilayer (Reinicke 2011) is more complex than
that assumed by the authors. It is believed that an experimentally calibrated consolidation model would be more appropriate for describ-
ing the deformation of proppant columns compared with micromechanical approaches using elementary solutions. The present article
aims to address the above-mentioned shortcomings in previous modeling studies and presents a general framework for determining the
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residual opening and effective conductivity of partially filled fractures. Like its predecessors, the developed framework is also depend-
ent on a set of simplifying assumptions regarding the fracture geometry, proppant distribution, and mechanical response of the rock and
proppant pack. These assumptions are discussed in more detail in the next section.
Problem Formulation and Modeling Assumptions
We consider a planar hydraulic fracture emanating from a vertical wellbore and partially filled with proppant particles. The fracture
geometry is described by the Kristianovich-Geertsma-de Klerk (KGD) model; the plane-strain assumption is used, and variations in
fracture opening, fracture-fluid pressure, and confining stress are neglected in the vertical direction. The proppant distribution within
the fracture is idealized by a regular arrangement of identical proppant columns of width 2b, evenly spaced by distance 2s between
adjacent columns. The fracture geometry under consideration has three characteristic dimensions: the half-length of the fracture L, the
half-width of the proppant column b, and the initial opening or aperture of the fracture, do, such that L b do (Fig. 1). The initial
opening of the fracture do, the fluid pressure within the fracture pf , and the remote in-situ stress normal to the fracture plane r1o vary
spatially along the fracture length. However, the variations of these quantities are expected to be negligible at small distances compared
with the width of the proppant column [i.e., x  Oðb LÞ, except close to the wellbore (X ¼ 0) or the fracture tips (jXj ¼ 6L)]. Hence,
the problem geometry is periodic at the length scale of the proppant columns (see Fig. 1).
Laboratory-scale experiments indicate that pulsed proppant injection produces an irregular distribution of proppant within a planar
fracture, as opposed to the periodic arrangement assumed in the present work (Malhotra et al. 2014). The irregular distribution of proppant
in the fracture is controlled by numerous factors, including the proppant-injection schedule, arrangement of the perforations along the
wellbore, geometry of the fracture, size distribution of proppant particles, settlement of proppant in the fracture, and the rheological prop-
erties of the fracturing fluid. Modeling of proppant transport and placement in a fracture is beyond the scope of the present work. The
effects of proppant flowback during fluid production are also ignored in the present work. Additives or coatings are generally used during
the implementation of the channel-fracturing technique to improve the stability of the proppant columns and minimize proppant flowback.
Examples of additives include chopped fibers (Romero and Feraud 1996; Burukhin et al. 2012) and thermoplastic strips (Nguyen et al.
1996), and examples of coatings are surface-modification agents (Weaver et al. 1999) and curable resins (Sinclair et al. 1993).
Poroelasticity effects are also disregarded in the present work for simplicity reasons (i.e., the effects of fluid-pressure diffusion are
neglected). Nonetheless, it is vital to discuss the influence of this simplifying assumption on the modeling outcomes. There are two dis-
tinct poroelastic effects in fluid-saturated porous media: the dilation/contraction of the porous matrix caused by a change in pore pres-
sure, and the perturbation of the pore pressure induced by changes in the mean stress under undrained conditions (Detournay and Cheng
1991). The volumetric strain associated with the first poroelastic effect is proportional to the Biot coefficient a, and the pore-pressure
change associated with the second poroelastic effect is proportional to the difference between the undrained and drained Poisson’s ratios




Unit cell (a, b >> δo)
2a ∼ 1 m
2s
L
σo (X ) = σo (X ) – pf (X)∞
σo (X ) = σo (X ) – pf (X)∞
∼102 to 103 m
Planar fracture (L >> a, b) 
X





δo ∼ 10−2 m
Fig. 1—Schematic of the 2D problem geometry showing two characteristic length scales, X ≈ O(L) and x ≈ O(a). The effective
confining stress ro and initial fracture opening do can be treated as constants over the width of the unit cell but vary along the
length of the fracture.
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s ‘2=c, where ‘ is the characteristic length and c is the coefficient of diffusivity of the porous medium (Rice and Cleary 1976).
Hence, only the first poroelastic effect is of significance in the present context. It is well-known that long-term fluid production from
reservoirs causes a decline in the reservoir pore pressure and tends to induce contraction in a reservoir. Hydraulic-fracturing field meas-
urements show that rh, the minimum horizontal stress normal to the fracture plane, decreases (become more tensile) with decreasing
reservoir pore pressure po with the ratio Drh=Dpo of approximately 0.5 to 0.8 (Segall and Fitzgerald 1998). Because the change in con-
fining stress is smaller than the change in pore pressure, the effective stress normal to the fracture increases with reservoir depletion.
The increase in effective stress normal to the fracture would result in a decrease in the residual opening with reservoir depletion (Segall
and Fitzgerald 1998). The model to be presented in the following sections can be used for the determination of the long-term residual
opening of the unit cell by selecting a suitable value of the net confining stress, which implicitly incorporates this poroelastic effect.
It is important to note that although the mathematical model is developed for periodic-problem geometry, it can be extended toward
the analysis of the more realistic situation where the initial fracture opening do, fracture-fluid pressure pf , and the remote in-situ normal
stress r1o vary along the fracture length. Provided that these parameters vary gradually along the fracture length, a homogenization pro-
cedure can be developed to solve the nonperiodic problem in a computationally efficient manner. The purpose of the homogenization or
averaging procedure is to replace the numerous discrete proppant columns by an effective medium, which fills the entire fracture. The
“traction law” or stress-displacement relationship for the effective medium can be obtained from the unit-cell solution using the energy-
conservation principle (Rose 1987). Once the traction law for the effective medium is derived, it only remains to solve the problem of
the hydraulic fracture uniformly filled with the effective medium subjected to the appropriate stress and displacement boundary condi-
tions (Rose 1987). The method of solution of the latter boundary-value problem was presented by Bortolan Neto et al. (2015). A similar
approach is used in the analysis of other multiscale problems of mechanics, such as when modeling crack propagation in fiber-
reinforced composites (Budiansky et al. 1986).
The numerous assumptions introduced into the current approach and discussed previously are common and unavoidable for analyti-
cal, semianalytical, and numerical modeling of hydraulic simulations. Indeed, in the current work some of the simplifications are
relaxed compared with previous studies because of the application of a more advanced computational technique and mechanical-
behavior model, which will be discussed next.
Mechanical Behavior of Rock and Proppant Columns
The change in opening of hydraulic fractures during the fluid-production stage can be attributed to the deformation of the rock, embed-
ment of proppant particles into the fracture faces, and consolidation of the proppant pack into a more compact arrangement. The latter
two mechanisms are illustrated in Fig. 2. In the present study, the rock is modeled as a linearly elastic, isotropic, and homogeneous
medium with Young’s modulus E and Poisson’s ratio . This assumption is justified because the inelastic deformation of the rock aris-
ing from proppant embedment is localized to a small depth approximately Oðdo  b; aÞ from the fracture surface, and does not signifi-
cantly affect the elastic response of the bulk of the rock. The same assumption is used in the modeling of crack problems in ductile
materials under small-scale yielding conditions (Codrington and Kotousov 2009) and in the modeling of rock joints (Le et al. 2017).
In hard rocks, experiments conducted under typical reservoir conditions indicate that the embedment depth is generally
approximately one-half of the proppant-grain diameter (Much and Penny 1987). On the other hand, embedment depths of up to three
grain diameters have been reported in soft rocks, such as weakly consolidated sandstones (Lacy et al. 1998; Zhang et al. 2015). It is
therefore essential to consider the effects of proppant embedment during the application of the channel-fracturing technique to soft for-
mations. However, the theoretical modeling of proppant embedment is a very challenging task because of the nonlinear response of
rocks to indentation (Momber 2004), the dependence of a rock’s mechanical properties on the degree of water saturation (Lacy et al.
1998), and the mutual contact and interaction between indenting proppant particles (Reinicke 2011; Deng et al. 2014). Consequently,
empirical approaches have been adopted to calculate the embedment depths of proppant monolayers (Huitt and McGlothlin 1958; Volk
et al. 1981) and multilayers (Guo et al. 2008; Palisch et al. 2010). The present study, similar to past empirical approaches, adopts a linear
relationship between the stress in the proppant pack rp and the loss of fracture opening caused by proppant embedment, ðdo  dÞ,
rp ¼ cðdo  dÞ; ð1Þ
where the parameter c is referred to as the “embedment stiffness.” The larger the embedment stiffness, the smaller the loss of fracture
opening at a given closure-stress level. Fig. 3a, in particular, shows that the adopted empirical model allows a satisfactory correlation
with experimental tendencies (Lacy et al. 1998). However, more-complex embedment models can be used within the developed frame-
work without any restrictions, but at the expense of additional fitting parameters.











pf < σo ,∞
σp > 0
pf = σo ,∞
σp = 0
Fig. 2—Schematic showing two mechanisms leading to fracture closure: proppant consolidation (rearrangement and damage) and
proppant embedment.
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The deformation of proppant columns under compressive loading is nonlinear because it largely occurs as a result of inelastic proc-
esses of proppant rearrangement and damage, as discussed in the Introduction. Although numerous consolidation models have been pro-
posed in the literature (Pestana and Whittle 1995), their accuracy increases only at the expense of an increasing number of fitting
parameters, which in turn need more-extensive experimental data. Such data are often unavailable or very limited. Therefore, the pres-
ent study adopts a simple empirical model for proppant consolidation, which is calibrated using available experimental data. The con-
solidation model is 1D (i.e., the lateral expansion of the proppant columns is ignored). In the case of sufficiently wide columns
(b do), it is expected that the lateral expansion of the columns would occur mostly near the perimeter of the column while the interior
remains laterally constrained [i.e., the average lateral strain (Db=b) caused by axial loading would be negligible]. Laboratory tests con-
ducted by d’Huteau et al. (2011) are in a general agreement with this hypothesis and also indicate that the average lateral strain in
axially loaded proppant columns decreases rapidly with an increase in proppant-column diameter.






where a and b are fitting parameters and
ep ¼ ðdo  dÞ=do ¼ D=do; ð3Þ
where do and d are the initial and final heights of the proppant column and D is the fracture closure at some compressive stress rp. The
value of ep lies in the interval ½0; 1, and Eq. 2 implies that rp ¼ 0 at ep ¼ 0 and rp !1 as ep ! 1. Experimental results obtained by
d’Huteau et al. (2011) are used to calibrate the model and to obtain representative values of the fitting parameters (Fig. 3b). The experi-
mental results show that certain proppant columns can undergo finite deformation (i.e., the compressive strain ep is not infinitesimal).
This does not adversely affect the formulation of the present problem because the governing equations derived in the next section
describe the stress and displacement field in the linearly elastic rock, not in the proppant columns. The proppant columns serve only as
a means for generating displacement-dependent normal tractions in the current mathematical model.
In the present work, do is used interchangeably for the initial opening of the unit cell and the initial height of the proppant column.
Hence, the initial condition corresponds to the instant when the proppant particles cannot freely mobilize within the fracture and the
proppant slurry conforms into a pack. The critical porosity of the proppant slurry at this instant is closely connected to the size distribu-
tion and packing arrangement of the proppant grains, and is in general determined from geometric considerations (Bortolan Neto et al.
2011). It is understood that the opening of a hydraulic fracture during the proppant-injection stage must be larger than the desired height
of the proppant columns, to prevent proppant bridging.
The effects of proppant embedment and consolidation can be combined by considering the embedment stiffness c and the




















¼ abcdoðdo  dÞ
b1
cdbþ1 þ 2abdoðdo  dÞb1
; ð5Þ




Kn;effðqÞdq; 0  d  do : ð6Þ
The interplay between proppant-pack consolidation and proppant embedment and the resulting variation of the effective fracture
stiffness is demonstrated in Fig. 4. During the initial stages of fracture closure (D! 0), the proppant column stiffness Kn;p is negligible
and hence the initial loss of fracture opening is caused by the consolidation of the proppant pack. Physically, this corresponds to the
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .







0 0.2 0.4 0.6 0.8
20/40-mesh sand
20/40-mesh ceramic











0 0.5 1 1.5 2
Sandstone (dry)
Sandstone (wet)
Lacy et al. (1998)
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Eq. 3
δo = 5 mm
R2 = 0.83
R2 = 0.72
Proppant Embedment, δo – δ  (mm)
γ  = 125 GPa/m

































α = 3.711 MPa, β = 3.419
α = 5.543 MPa, β = 3.873
Fig. 3—Obtaining the fitting parameters of the empirical models for (a) proppant-column consolidation and (b) proppant embedment.
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rearrangement of the proppant grains into a more compact configuration and the expulsion of the fracturing fluid from the pore space of
the proppant column. With further fracture closure, the stiffness of the proppant column increases rapidly, becoming comparable with
and eventually exceeding the rock’s embedment stiffness. In the final stages of fracture closure, (D! do), the loss of fracture opening
is largely caused by the embedment of proppant grains in the rock.
It must be noted that Fig. 4 is only a schematic and the choice of values for the model variables a, b, and c will determine which of
the two mechanisms dominates during the application of the confining pressure at the production stage. The two limiting cases of no
consolidation and no embedment are also shown in Fig. 4. The developed empirical model for the mechanical response of the proppant
pack is used in the next section to determine the residual opening of partially filled fractures.
Governing Equations for the Residual Opening of the Unit Cell
For the unit cell of the problem geometry, shown in Fig. 1, the periodicity of the problem requires that
uxðx ¼ 6a; yÞ ¼ 0; rxyðx ¼ 6a; yÞ ¼ 0 : ð7Þ
The traction boundary condition along the crack faces can be stated as
ryyðx; y ¼ 06Þ ¼
rpðxÞ þ pf ; jxj < b
pf ; b < jxj < a;

                                                ð8Þ
rxyðx; y ¼ 06Þ ¼ 0 ; ð9Þ
where pf is the fracture-fluid pressure and rpðxÞ is the continuous normal traction applied to the crack surface by the proppant pack. The
latter can be defined in terms of the crack-opening displacement, dðxÞ ¼ uyðx; y ¼ 0þÞ  uyðx; y ¼ 0Þ, using Eq. 6. The remote bound-
ary condition can be expressed as
ryyðx; y!1Þ ¼ r1o ; rxyðx; y!1Þ ¼ 0 : ð10Þ
In Eqs. 8 and 10, the normal stresses are positive under tension. Finally, the equilibrium equation for the forces in the y-direction
can be stated as
ðb
b
rpðxÞdx 2aðr1o  pf Þ ¼ 0: ð11Þ
For a given column width 2b and initial height do, the solution to the problem formulated by Eqs. 7 through 11 comprises the residual
opening profile dðxÞ and the proppant-reaction stress rpðxÞ. To ensure that the unsupported fracture faces do not come into contact, the
gap between the adjacent columns, 2s ¼ 2ða bÞ, must be selected such that dmin ¼ dðx ¼ aÞ remains greater than zero (see Fig. 1).
The distributed-dislocation technique (DDT), which is based on the pioneering work of Bilby et al. (1963) and Bilby and Eshelby
(1968), is used to obtain the solution to the formulated crack problem. The relative opening between the crack faces, dðxÞ, is modeled
by a continuous distribution of “edge dislocations.” The edge dislocation is used here as a “strain nucleus” (i.e., a means for generating
a controlled state of stress in the elastic medium), and the presence of any lattice defects is not implied. Because the stress field induced
by a single edge dislocation satisfies the equilibrium, constitutive, and compatibility equations of the theory of classical linear elasticity,
these equations are also satisfied by a continuous distribution of dislocations. What remains is to distribute these dislocations in a
manner such that the boundary conditions, Eqs. 7 through 10, are satisfied. The singular integral equation that governs the distribution










dn ¼ r1o  pf  rpðxÞHðb jxjÞ; 0 < x < a; ð12Þ
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Fig. 4—Schematic showing the variation in the effective normal stiffness of the propped fracture with the degree of fracture clo-
sure. The limiting cases of no proppant consolidation and no embedment are also shown.
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where ByðnÞ is the unknown dislocation-density function that represents the continuous distribution of dislocations, HðÞ is the Heaviside step
function, and the kernel Kðx; nÞ given by Eq. A-17 incorporates the effect of periodicity of the problem geometry. The singular integral equa-
tion, Eq. 12, can be generalized to consider layered reservoirs or multiple hydraulic fractures using an approach developed previously (Khanna










dn ¼ ro  rpðxÞHðb jxjÞ; 0 < x < a: ð13Þ
There is a close relationship between the dislocation density and the relative separation between the crack faces at any point,
dðxÞ ¼ uyðx; y ¼ 0þÞ  uyðx; y ¼ 0Þ. To establish this relationship, we note that dðx ¼ aÞ ¼ dmin (Fig. 1), and that the insertion of dis-
locations along x < a increases the crack opening (Kotousov et al. 2014) so that






; 0 < x < a : ð14Þ





cqbþ1 þ 2abdoðdo  qÞb1
dq: ð15Þ
In the present work, we model the proppant column as a bundle of “springs,” which deform independently of each other, similar to
previous analytical studies (Bortolan Neto et al. 2015). This is because the proppant column is a cohesionless granular medium rather
than an elastic medium. Hence, Eq. 6, which represents the averaged response of a proppant column subject to uniaxial strain, also rep-
resents the stress-displacement relationship for the individual “springs” in the column (i.e., Eq. 15). This approach is widely used in
civil-engineering calculations to describe the interaction between elastic bodies and cohesionless soils, such as in the well-known
Winkler model. We simply extend this well-established approach to a similar problem of the interaction between the elastic rock and
cohesionless proppant pack. The fitting parameters in Eq. 15 can be obtained experimentally, with the restriction that the test specimen
must undergo uniaxial strain, which is uniform across the specimen width. The experimental data used in the present work were
obtained from tests that meet this requirement.
This dependence of the proppant-reaction stress on the crack opening and consequently on the dislocation density renders the singu-
lar integral equation, Eq. 13, nonlinear. Equations of this form arise in the formulation of a range of other crack problems that involve a
continuous distribution of tractions on the crack faces. Some examples include fatigue cracks in aircraft panels repaired by composite
patches (Cox and Rose 1996), and matrix cracks in fiber-reinforced composites (Khanna and Kotousov 2014). An analytical solution to
such singular-integral equations is not possible, and the numerical-solution procedure for this class of integral equations, and Eq. 13, is
presented in Appendix B. Once the solution for the dislocation density ByðxÞ is determined, the solution for the residual opening profile
dðxÞ and the compressive stress distribution in the proppant columns rpðxÞ can be obtained using Eqs. 14 and 15, respectively. The
numerical-solution procedure is illustrated by means of a flow chart in Fig. 5.
Effective Conductivity of the Unit Cell
The problem of fluid flow in a partially propped fracture is complex because the fluid flow occurs in a heterogeneous medium compris-
ing irregularly shaped porous proppant columns and a network of open channels. In addition, the fracture opening varies with position
along the fracture. Consequently, the exact solution to the Navier-Stokes equations, which govern the motion of Newtonian fluids, can-
not be obtained for the problem under consideration. However, these equations can be simplified greatly if certain kinematic and geo-
metric conditions are satisfied. Provided that the viscous forces dominate the inertial forces and the fracture aperture does not vary
abruptly, which is generally the case for rock fractures, the flow in the open channels can be described by the Reynolds lubrication
equation and the flow in the proppant columns can be described by Darcy’s law (Witherspoon et al. 1980; Zimmerman and Yeo 2000).
The coupling of these equations and their upscaling from the fine scale (unit cell) to the coarse scale (fracture) are still challenging
tasks, requiring the aid of numerical techniques (Khanna et al. 2012; Yan et al. 2016).
In the present work, a more straightforward approach is adopted to obtain a closed-form expression for the effective conductivity of
the unit cell. We provide an estimate for the effective unit-cell conductivity that lies between upper and lower bounds obtained in
accordance with variational principles (Zimmerman et al. 1991; Zimmerman and Bodvarsson 1996),
h1=ki < keff < hki : ð16Þ
For a heterogeneous conductive medium, the lower bound h1=ki corresponds to the situation in which all the conductive elements
are arranged in series, whereas the upper bound hki corresponds to a parallel arrangement of the individual elements (Zimmerman and
Bodvarsson 1996). For the problem geometry shown in Fig. 1, these extreme cases correspond to 1D fluid flow along the x-direction
(along the fracture length) or z-direction (into the page), respectively.
However, in the real-fracture geometry, it is expected that the fluid will flow mainly along the x-direction at some points, whereas at
other points, it will flow mainly along the z-direction. As a result, the assumption of a series (or parallel) arrangement of conductive ele-
ments would underestimate (or overestimate) the actual effective conductivity (Zimmerman et al. 1991). An estimate for the effective






Eq. 17 was obtained by Zimmerman et al. (1991), who also showed that it provides similar estimates for the effective fracture conduc-
tivity as the geometric mean of the narrower Hashin-Shtrikman bounds (Hashin and Shtrikman 1962).
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The local conductivity at a point along the unit cell k is defined in accordance with the Darcy and cubic laws,
kðxÞ ¼
jpdðxÞ; jxj < b;
dðxÞ3
12
; b < jxj < a;
8<
:                                                         ð18Þ
where jp is the proppant-column permeability and dðxÞ is the residual opening profile of the unit cell. The column permeability jp
is considered to be constant, and its reduction with proppant consolidation and embedment is neglected. This assumption does not
introduce any significant error in the analysis because the permeability of typical proppant columns (approximately 1010 m2 or
100 darcies) is already several order of magnitudes lower than the effective permeability of open channels, d2=12 (approximately 107 m2
or 100,000 darcies for d ¼ 1 mm).



























5: ð19Þ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Yes
Input parameters
δo, b, E, σo, α, β, σp0, γ, κp
For partially propped unit cell, a > b, guess δmin ∈ (0, δ1D)
Select N and define si and tk using Eqs. B-6 and B-7
Solve system of equations (Eq. B-3) with initial solution {φ}0




Find conductivity of partially propped unit cell, keff using Eq. 20
For fully propped unit cell (a = b), σp(x) = σo and δ (x) = δ1D
Put σp = σo in Eq. 15 and use trial and error to find δ1D
Find conductivity of fully propped unit cell, κpδ1D
For initial guess, {φ}0 = ε {1,1,1,...1}T, ε      0, determine initial
guess for σp(tk) using Eq. B-4 and δ (tk) using Eq. B-5
For converged solution of {φ} determine solution σp(tk) using Eq. B-4
and for δ(tk) using Eq. B-5 
Rescale to find discrete points along unit cell at which solution is
obtained, xk = a(1 + tk)/2.  
Output parameters
δp,av, δc,av, σp,pk, keff
Fig. 5—Flow chart of numerical-solution procedure.
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Using the theoretical models and the numerical procedures developed in the preceding sections, an extensive parametric study is con-
ducted to investigate the effects of the proppant-column spacing, magnitude of the net confining stress, and rock-embedment stiffness
on the residual opening and effective conductivity of the unit cell. The selected values of the governing parameters are representative of
typical field situations and are summarized in Table 1. The values of the rock Young’s modulus and Poisson’s ratio as well as the fitting
parameters for the proppant-consolidation model are kept fixed in the calculations. However, numerous values of the rock-embedment
stiffness are considered to investigate the influence of proppant embedment on the effectiveness of the channel-fracturing technique. A
wide range of values for the fracture-closure stress or the net confining stress is also considered because the closure stress varies greatly
from reservoir to reservoir. Finally, two values of the initial fracture opening are considered. For 20/40-mesh-size proppant used fre-
quently in hydraulic-fracturing treatments, the selected values for the initial fracture opening (5 and 10 mm) roughly correspond to a
proppant-pack density or concentration of 2 and 4 lbm/ft2 (Lacy et al. 1998).
Typical results for the residual opening profile dðxÞ and the compressive stress in the proppant pack rpðxÞ are shown in Fig. 6. The
compressive stress in the proppant columns rpðxÞ is distributed in a manner such that the net opening force exerted by the proppant
column on the fracture faces is balanced by the closing force exerted by the net confining stress ro (i.e., the average stress in the prop-
pant column, rp;av, is roa=b). The actual stress distribution is nonuniform across the column width. The stress rises sharply near the
edge of the column, x ¼ b, and its peak value is denoted as rp;pk. The sharp rise in the proppant-pack compressive stress can be
explained in terms of the well-known principle of stress concentration in linear elasticity, which states that any abrupt changes in geom-
etry, material properties, or loading conditions cause a localized increase in stresses in the vicinity of the abrupt change (Peterson
1953). In the present problem, there is a sudden change in the normal stiffness of the fracture at the edges of the proppant column. The
point jxj ! b is supported by the proppant column, whereas the point jxj ! bþ is unsupported. Therefore, the stress field varies rap-
idly near the edge of the column. The observed stress distribution is similar to the solution for contact stress in the related problem of
an elastic half-space indented by a rigid flat punch (Barber 2010). The residual opening of the unit cell also decreases sharply around
the edge of the proppant column (i.e., jxj ¼ b). Because of the lack of support from the proppant column, the residual opening of the
channel (b  jxj  a) decreases monotonically until reaching a minimum value dmin at x ¼ a. The average channel opening can be
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Parameter Value Units
Initial fracture opening, o 5, 10 mm
Proppant-column width, 2b 1 m
In-situ lateral (closure) stress, σo 10, 20, 30, 40, 50 MPa





Fitting parameter for the proppant-consolidation model, 5.543 MPa
Fitting parameter for the proppant-consolidation model, 3.873 MPa
Rock-embedment stiffness, 20, 40, 60, 80, 100 GPa/m
δ
Table 1—Numerical values of the governing parameters.
Distance from center of proppant column, x 
(a) (b)

























































Peak stress in the proppant column
σp,pk = σp(x = b)

































Fig. 6—Representative results for (a) the residual opening profile of the unit cell and (b) the compressive stress in the proppant
column. The proppant column lies along jx j<b, and the open channel lies along b £ jx j£ a.
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Poroelastic effects associated with the consolidation of the proppant columns are ignored in the present work, as discussed in the
Introduction. However, it is of interest to mention the well-known Mandel-Cryer effect in poroelasticity, which predicts that the sudden
compaction of a fluid-saturated porous column between two rigid plates produces a nonuniform distribution of the axial stress across the
column width. The resulting poroelastic stress distribution is opposite to that in Fig. 6; i.e., the maximum poroelastic stress occurs at the
center of the column and the minimum occurs at the edges (Abousleiman et al. 1996; Liu et al. 2018). This poroelastic effect is transient,
and at sufficiently large times, the axial-stress distribution in the column becomes uniform (Abousleiman et al. 1996). This is in agree-
ment with the present model, which predicts uniformly distributed stress in the column [i.e., rpðxÞ ¼ ro] for the trivial case of a fully
propped fracture (i.e., a ¼ b).
When performing the numerical calculations, we begin with the case of a fully propped fracture (i.e., and the gap between the prop-
pant columns is 2s ¼ 0). For this trivial case, there is no need to solve the singular-integral equation for the dislocation density, and the
constant residual opening of the unit cell can be directly obtained from Eqs. 5 and 6. This value of residual opening is denoted by d1D.
The effective unit-cell conductivity is simply jpd1D, where jp is the permeability of the proppant pack. If the proppant-column width
2b is kept fixed and the gap between the columns 2s is increased, the value of dmin decreases from d1D to 0 as the gap between the col-
umns 2s increases from 0 to some critical value, 2scr . At this critical gap between columns, the channel walls come into contact at
x ¼ a. If it is required to calculate the residual opening beyond this critical column gap, the problem formulation presented in the pre-
ceding section needs to be generalized to account for the possibility of contact between the crack faces. However, this was not deemed
necessary because the latter case corresponds to partially closed channels and is of little practical interest. The dependence of the criti-
cal gap on the embedment stiffness, closure stress, and the initial fracture opening is shown in Fig. 7. It should also be noted that for
certain combinations of embedment stiffness and closure stress, this critical gap is zero (i.e., complete fracture closure occurs even
when the fracture is fully propped, which corresponds to the situation of very high closure stress or very low embedment stiffness). For
other combinations of the governing-parameter values, critical gap size is comparable with or greater than the column width, 2b ¼ 1 m.
The dependence of the average channel opening on the governing parameters is shown in Fig. 8. It is observed, as expected, that the
average channel opening decreases with an increase in the gap between columns 2s, a decrease in the embedment stiffness c, and an increase
in the net confining stress ro. By comparing Figs. 8a through 8d with 8e through 8h, it can be deduced that the effects of proppant embedment
and high confining stress can be compensated to some extent by increasing the initial fracture opening (i.e., the proppant-pack density or con-
centration). The dependence of the peak stress in the column on the governing parameters is shown in Fig. 9. At some combinations of values
of the governing parameters, the peak compressive stress in the proppant columns was up to four times greater than the net confining stress
for the case of partially propped fractures. However, the peak stress in the proppant pack approached the net confining stress with a decreas-
ing gap between the columns. The peak stress in the proppant pack was found to be lower for small values of the embedment stiffness.
The effective conductivity of partially propped fractures is found to always exceed the conductivity of the fully filled fracture, as shown
in Fig. 10. However, an optimal column spacing exists that maximizes the conductivity of the unit cell. This optimal spacing between col-
umns, 2a	, is smaller than the maximum permissible spacing between columns, 2acr. The optimal spacing is found to weakly depend on the
embedment stiffness and strongly depend on the net confining stress and initial fracture opening. The ratio of the column width 2b and the
optimal column spacing 2a	 provides a measure for the optimal volume fraction of proppant in the partially filled unit cell.
Fig. 11 shows the dependence of the optimal proppant-volume fraction on the net confining stress and rock-embedment stiffness. For
example, if the optimal proppant-volume fraction is 80%, according to Fig. 10, that means that the fracture conductivity will be maximized
if the width of the proppant columns 2b is 80% of the width of the unit cell 2a (see Fig. 1). Because the proppant arrangement in the fracture
is assumed to be periodic, the proppant-volume fraction also represents the percentage fraction of the fracture volume that must be filled
with proppant. According to this interpretation, the proppant-volume fraction is an indicator of the ratio of proppant used in discontinuous
(channel fracturing) vs. continuous (traditional) proppant placement. From this point of view, Fig. 11 suggests that if it is decided to imple-
ment an optimal channel-fracturing treatment, one can expect to save roughly 5 to 15% in proppant use under typical field conditions.
The strong dependence of the optimal column spacing on the initial fracture opening and net confining stress suggests that regular
column spacing throughout the fracture length might not be the optimal solution. This is because the initial fracture opening and net
confining stress vary gradually, but significantly, from the wellbore toward the fracture tip. Instead, a quasiregular column spacing
might be selected in such a manner that the spacing at any given distance from the wellbore is the optimal value for the initial fracture
opening and net confining stress at that location. Further investigations are required to identify the optimal quasiregular proppant-
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Fig. 7—The dependence of the critical gap between columns on the embedment stiffness, net confining stress, and initial fracture
opening. The critical gap corresponds to dmin 5 0 (i.e., when the channel walls come into contact).
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Fig. 8—The dependence of the average channel opening on the unit-cell width, embedment stiffness, net confining stress, and
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Fig. 9—The dependence of the peak stress in the proppant pack on the unit-cell width, embedment stiffness, net confining stress,
and proppant concentration. The case of 2a 5 1 m corresponds to a fully propped fracture.
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Finally, we provide some estimates for the folds of the possible increase in the effective conductivity resulting from the optimized
application of the channel-fracturing technique. Fig. 12 shows that the unit-cell conductivity can be increased by one to two orders of
magnitude under a wide range of net confining stresses. These results also indicate that the channel-fracturing technique can be beneficial
even in the case of soft rock formations, exhibiting significant proppant embedment, provided that the initial fracture opening is suffi-
ciently large. It is also believed that the adopted simplifications, which are required for this kind of modeling approach, cannot alone
explain the large increase in the effective conductivity at optimized conditions. Therefore, one would expect significant benefits from the
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Fig. 10—The dependence of the effective fracture conductivity on the unit-cell width, embedment stiffness, net confining stress,
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Fig. 11—The dependence of the optimal proppant-volume fraction on the embedment stiffness, net confining stress, and proppant
concentration. The case of b/a	5 100% corresponds to a fully propped fracture.
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Conclusions
In this paper, we developed an analytical approach for the evaluation of the optimal parameters of the channel-fracturing technique.
The approach relies on a rigorous mathematical formulation using the DDT and considers the dominant mechanisms of the proppant-
pack response to the applied loading: compaction and embedment. The latter was not adequately represented in the current literature
existing on this topic. New empirical models for proppant consolidation and embedment were proposed to adequately describe experi-
mental tendencies while keeping the number of fitting parameters at a minimum. However, the analytical approach using the DDT can
be readily adapted to incorporate more-sophisticated models describing the consolidation and embedment of proppant. In any case,
the fitting parameters of the empirical models are not unique and need to be determined experimentally for a given rock/
proppant combination.
With the developed approach, a suitable proppant-injection schedule can be identified so the full closure of the fracture and sharp
decay in the conductivity of fractures can be avoided. The analytical approach also allows the evaluation of optimal spacing between
proppant columns of the channel-fracturing stimulation by conducting a multiparametric study, which is often impossible for
numerical-based approaches. In the considered characteristic example, it was demonstrated that despite the proppant-volume reduction
in the case of channel fracturing being marginal (approximately 10%), the increase in the conductivity is significantly greater compared
with continuous proppant placement. The calculations suggest a high sensitivity of the outcomes of the stimulation to the selected
values of the net confining stresses, initial opening, and fitting parameters of the proppant-response model. For the practical application
of the developed approach, the uncertainty of the input data and the possible error associated with the modeling assumptions must
be considered.
Nomenclature
1=k ¼ lower bound for the conductivity of the unit cell, assuming a series arrangement of conductive elements, L3, m3
2a ¼ width of a unit cell of the periodic-problem geometry, L, m
2b ¼ width of the proppant columns or pillars, L, m
2s ¼ gap between adjacent proppant columns, L, m
bx; by ¼ Cartesian components of the Burger’s vector of an edge dislocation, L, m
ByðxÞ ¼ dislocation-density function, dimensionless
E ¼ Young’s modulus of the rock formation, ML1T2, Pa
E ¼ generalized Young’s modulus, E ¼ E for plane stress and E ¼ E=ð1 2Þ for plane strain
k ¼ upper bound for the conductivity of the unit cell, assuming a parallel arrangement of conductive elements, L3, m3
keff ¼ effective fluid conductivity of the unit cell and the fracture, L3, m3
kðxÞ ¼ local fluid conductivity at a point in the unit cell, L3, m3
Kn;eff ¼ effective normal stiffness of the proppant-filled regions of the fracture, ML2T2, Pa/m
Kn;p ¼ instantaneous normal stiffness of proppant column, ML2T2, Pa/m
Kðx; nÞ ¼ regular kernel in the governing integral equation, describing the influence of the periodic-problem geometry, L1, m1
L ¼ fracture half-length, L, m
N ¼ number of integration and collocation points in the numerical solution of the governing integral equation for dislocation
density, dimensionless
pf ðXÞ ¼ fluid pressure within the fracture, ML1T2, Pa
s ¼ normalized integration variable, dimensionless
si; tk ¼ integration and collocation points for the Gauss-Chebyshev quadrature, dimensionless
t ¼ normalized coordinate along the crack length, dimensionless
ux; uy ¼ displacement components in the rock, L, m
x; y ¼ local coordinate axes at the scale of the unit cell
X; Y ¼ global coordinate axes at the scale of the fracture
a ¼ fitting parameter to describe the consolidation response of the proppant pack, ML1T2, Pa
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Fig. 12—The dependence of the folds of increase in the fracture conductivity on the embedment stiffness, net confining stress,
and proppant concentration. The case of Keff/(jpd1D ) 5 1 corresponds to a fully propped fracture.
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c ¼ rock-embedment stiffness, ML2T2, Pa/m
dav ¼ average residual opening over 0 < jxj < a, or the average opening of unit cell, L, m
dc;av ¼ average residual opening over b < jxj < a, or the average channel opening, L, m
dmin ¼ minimum residual opening of a partially filled unit cell, dðxÞ at x ¼ a, L, m
do ¼ initial opening (width) of the unit cell, L, m
dp;av ¼ average residual opening over jxj < b, or the average proppant-column height, L, m
dðxÞ ¼ residual opening (width) distribution along the unit cell, L, m
DðxÞ ¼ fracture closure, do  dðxÞ, L, m
jp ¼ permeability of the proppant pack, L2, m2
 ¼ Poisson’s ratio of the rock formation, dimensionless
n; q ¼ dummy integration variables, L, m
ro ¼ net confining stress acting on the unit cell, ro ¼ r1o  pf , ML1T2, Pa
rpðxÞ ¼ compressive stress acting on the proppant columns, ML1T2, Pa
rp;pk ¼ peak value of the compressive stress on the proppant columns, rpðx ¼ bÞ, ML1T2, Pa
rxx;ryy ¼ normal-stress components in the rock, ML1T2, Pa
rxy ¼ shear stress in the rock, ML1T2, Pa
r1o ðXÞ ¼ remote in-situ stress acting normal to the fracture plane, ML1T2, Pa
r̂xx; r̂yy; r̂xy ¼ stresses in an infinite elastic medium generated because of an edge dislocation at the origin of the Cartesian coordinate
system, ML1T2, Pa
/ðsÞ ¼ unknown regular function, such that ByðsÞ ¼ xðsÞ/ðsÞ, dimensionless
xðsÞ ¼ fundamental function describing the asymptotic behavior of the dislocation-density function at the endpoints, s ¼ 61,
dimensionless
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Appendix A—Singular-Integral Equation for Dislocation Density
Before developing the governing equations for the elasticity problem, we briefly review the fundamental solution for the stress field
arising from a single edge dislocation in an infinite body. Consider the 2D problem of an edge dislocation with Burger’s vector
b ¼ 0ı̂ þ byĴ, located at the origin x ¼ 0, y ¼ 0 of an infinite elastic medium. The dislocation produces a displacement jump,
uyðx; y ¼ 0þÞ  uyðx; y ¼ 0Þ ¼ byHðxÞ; ðA-1Þ
in the elastic medium, where uyðx; yÞ is the y-component of the displacement field. The displacement jump is equivalent to making a cut
along x < 0; y ¼ 0, pulling the material apart and inserting a strip of material of thickness by before rejoining. The stress field arising





















ðx2  y2Þ ; ðA-4Þ
where r2 ¼ x2 þ y2 and E is the generalized Young’s modulus, defined as E ¼ E under plane-stress conditions or E ¼ E=ð1 2Þ
under plane-strain conditions.
Now consider a continuous distribution of dislocations along 1 < x <1; y ¼ 0, such that the strength of an infinitesimal dis-
location lying between x ¼ n and x ¼ nþ dn is dby ¼ Bydn. The stress field induced by the continuous distribution of dislocations is
obtained by integrating the fundamental solution for a single dislocation (i.e., Eqs. A-2 through A-4). It follows from the superposition
principle that the stress state in the cracked body can be then be written as a summation of the stress state in the body in the absence of







ðx nÞ½ðx nÞ2  y2
½ðx nÞ2 þ y22
dn ; ðA-5Þ






ðx nÞ½ðx nÞ2 þ 3y2








y½ðx nÞ2  y2
½ðx nÞ2 þ y22
dn : ðA-7Þ
The functional form of the dislocation-density function, ByðnÞ, is determined using the physical considerations relevant to the problem
at hand.
It can be observed that the symmetry condition, Eq. 9 [i.e., rxyðx; y ¼ 06Þ ¼ 0], is automatically satisfied by Eq. A-7. It is also noted
that the integral in Eq. A-6 vanishes as y!1; hence, the boundary condition at infinity, Eq. 10, is also satisfied. Next, consider the
shear stresses along x ¼ 6a, which are given by








 nÞ2  y2
½ða
 nÞ2 þ y22
dn : ðA-8Þ
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Because of the periodicity of the unit-cell geometry, the residual opening of the fracture, dðxÞ, must be even about x ¼ 6a, i.e., the
dislocation-density function, ByðnÞ ¼ ddðnÞ=dn must be an odd function about n ¼ 6a, i.e., of the form Byðnþ 2anÞ ¼ ByðnÞ,
n ¼ 0;61;62;… The periodicity boundary condition, Eq. 7, i.e., rxyðx ¼ 6a; yÞ ¼ 0, can be satisfied by Eq. A-8 only if the disloca-
tion density is equal to zero at n ¼ 2an.
A similar argument can be made regarding the shear stress induced by the distributed dislocations along the line x ¼ 0, which can











The residual opening of the unit cell must be symmetric at approximately x ¼ 0; i.e., the dislocation density must be an odd function
at approximately n ¼ 0, or ByðnÞ ¼ BðnÞ. In addition, because the dislocation density must vary continuously as it changes sign
from positive to negative, it must be equal to zero at n ¼ 0.
We now proceed to the application of the DDT to obtaining the governing integral equation for the dislocation-density function. The
normal traction along y ¼ 0 can be obtained from Eq. A-6 as






x n dn: ðA-10Þ
The indefinite integral in Eq. A-10 can be subdivided into smaller intervals, such that









dnn; nn ¼ n þ 2an; a < n < a : ðA-11Þ
Noting that dnn ¼ dn and ByðnnÞ ¼ Byðn þ 2anÞ ¼ ByðnÞ, the integrals within the summation can be rewritten as








x n  2an
dn: ðA-12Þ
Further, the summation operator can be moved inside the integral to yield









x n  2an
dn: ðA-13Þ
The summation in Eq. A-13 can be rewritten by isolating the term corresponding to n ¼ 0 and combining the þn and n terms,












x n  2an
þ 1
x n þ 2an
 " #
dn












ðx nÞ2  4a2n2
" #( )
dn:                             ðA-14Þ
Dropping the overbar from n, the governing equation for the dislocation density over the unit cell jxj < a can be written as











ðx nÞ2  4a2n2
" #( )
dn; jxj < a : ðA-15Þ
Using the symmetry of the dislocation-density function at approximately x ¼ 0, Eq. A-15 can be further reduced to










dn; 0 < x < a ; ðA-16Þ




4nðx2  n2 þ 4a2n2Þ
½ðx nÞ2  4a2n2½ðxþ nÞ2  4a2n2
: ðA-17Þ
To satisfy the traction boundary condition, Eq. 8, it is required that











rpðxÞ; jxj < b;
0; b < jxj < a
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dn ¼ r1o þ pf  rpðxÞHðb jxjÞ; 0 < x < a; ðA-19Þ
where HðÞ is the Heaviside step function.
Appendix B—Numerical-Solution Procedure of the Singular-Integral Equation
The first step of the numerical-solution procedure is to normalize the interval in Eqs. 13 and 14 from ½0; a to ½1; 1. The substitution



















; 1 < t < 1; ðB-1Þ




ðsþ 1Þ½ðt sÞðtþ sþ 2Þ þ 16n2
½ðt sÞ2  16n2½ðtþ sþ 2Þ2  16n2
:
The crack-opening displacement dðtÞ over the normalized interval can be normalized in a similar manner to yield





ByðsÞds; 1 < t < 1: ðB-2Þ
The dislocation-density function, ByðsÞ, is then represented as the product of an unknown regular function /ðsÞ and a fundamental
function xðsÞ that takes into account the asymptotic behavior of the solution for dislocation density at s ¼ 61 (Erdogan et al. 1973). As
discussed previously, the symmetry of the present problem requires that the dislocation density be equal to zero at n ¼ 0; a [i.e.,




(Erdogan et al. 1973; Hills et al. 1996). For the chosen fundamental function, the Gauss-Chebyshev quadrature is used to reduce the sin-




















¼ 0; k ¼ 1; 2;…;N þ 1;





ðsi þ 1Þ½ðtk  siÞðtk þ si þ 2Þ þ 16n2
½ðtk  siÞ2  16n2½ðtk þ si þ 2Þ2  16n2
:





cqbþ1 þ 2rpoabdoðdo  qÞb1
dq ðB-4Þ
and





ð1 s2i Þ/ðsiÞ : ðB-5Þ
The expression for rpðtkÞ is obtained by numerical integration. The integration and collocation points are roots of Chebyshev polyno-
mials (Erdogan et al. 1973),




; i ¼ 1;…;N ; ðB-6Þ






; k ¼ 1;…;N þ 1 ; ðB-7Þ
where UNðsÞ is a Chebyshev polynomial of second order N and TNþ1ðtÞ is a Chebyshev polynomial of first order N þ 1. The system of
equations in Eq. B-3 is nonlinear and requires an iterative solution (Khanna and Kotousov 2014; Bortolan Neto et al. 2015). Let the
array f/g ¼ f/1;/2;…;/NgT ¼ f/ðs1Þ;/ðs2Þ;…;/ðsNÞgT contain the unknown values of the function /ðsÞ at the N integration
points along the crack. Also, let the array fFg ¼ ½F1ð/Þ;F2ð/Þ;…;FNþ1ð/Þ represent the left-hand side of Eq. B-3 evaluated at f/g.
Then, the value of f/g that satisfies the system of equations, fFg ¼ 0, within some allowed tolerance or error, is the solution or root to
the system of equations in Eq. B-3. The iterative solution procedure requires an initial guess for the solution, f/g0, as well as the
Jacobian matrix, which contains all first-order partial derivatives of the vector-valued function fFg. For the present problem, the ele-
ments of the Jacobian matrix ½J can be obtained as
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 tk  1
 
rpoabcdoðdo  dÞb1
cdbþ1 þ 2rpoabdoðdo  dÞb1
pa
2ðN þ 1Þ
 ð1 s2i ÞHðk  i 1Þ:                                                          ðB-8Þ
The initial-guess solution is chosen to be f/g0 ¼ f/1;/2;…;/Ng
T
0 ¼ ef1; 1; …; 1g
T
, where e! 0. This guess solution corre-
sponds to zero dislocation density along the crack (i.e., a constant initial crack opening). The parameter e is kept infinitesimally small
but nonzero to avoid the elements of the Jacobian matrix from becoming singular. The least-squares solution to the overdetermined sys-
tem of equations is obtained using the MATLAB nonlinear solver fsolve that uses the trust-region reflective algorithm.
To obtain a unique solution to the system of Eq. B-3, the value of dmin in Eq. B-5 must be specified. The upper limit for dmin corre-
sponds to the case when the entire unit cell is filled with proppant (i.e., a ¼ b). In this case, the proppant column is then subjected to
uniaxial strain and the constant residual opening of the unit cell d1D can be obtained by substituting rp ¼ ro into Eq. 6 and then solving
the resulting equation by trial and error. The lower limit for dmin is zero, which corresponds to the contact between the fracture faces at
x ¼ 6a. The correct value of dmin lies between these two limits and is selected by trial and error, such that the obtained solution satisfies





rpðtÞdt ro ¼ 0 : ðB-9Þ
The integral in Eq. B-9 can be evaluated using the trapezoidal rule from the solution for rp obtained at the N þ 1 collocation points.
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Abstract 8 
Hydraulic fracturing is a well-stimulation technology used in the oil and gas 9 
industry for enhancing hydrocarbon recovery from low permeability reservoirs. 10 
Under reservoir conditions when the fluid conductivity of the fracture limits 11 
the recovery rate, it is desirable to enhance the fracture conductivity by 12 
discontinuous proppant placement. Channel fracturing is one of the techniques 13 
utilised to achieve discontinuous proppant placement, i.e. a network of open 14 
channels or voids between the proppant-filled regions (proppant columns). 15 
The problem of deformation and fluid flow in a partially-filled fracture 16 
involves two length scales: a large scale comparable to the length of the 17 
fracture ~O(10
2
) m and a fine scale comparable to the length of the proppant 18 
filled regions or „columns‟ ~ O(1) m. It is understood that the effective stress 19 
normal to the fracture plane, the initial fracture aperture as well as the spacing 20 
between the proppant columns can vary with position along the fracture. In this 21 
paper, a homogenisation procedure is developed to obtain the residual opening 22 
profile and effective fracture conductivity at the large scale from the solution 23 
of a „unit-cell‟ problem at the fine scale. The application of the model in a 24 





The Channel Fracturing Technique is the novel fracturing technique 28 
successfully developed in recent years. The idea of the technique is creating 29 
discontinuous proppant placement within the hydraulic fracture to obtain open 30 
channels between the proppant columns (Gillard et al. 2010; Inyang et al. 31 
2014). The open channels are very conductive pathways for fluid flow from 32 
oil/gas reservoir to the wellbore, so the effective fracture conductivity can be 33 
increased up to several folds higher than that using the conventional hydraulic 34 
fracturing techniques (Khanna et al. 2017).  35 
The effective fracture conductivity can be maximised by selecting the optimal 36 
width of the open channels, i.e. the optimal spacing between the proppant-37 
filled regions or „columns‟. The optimisation requires solution to the problem 38 
of rock deformation and fluid flow in a partially-filled fracture at two length-39 
scales: a coarse length-scale,  ̂ comparable to the half-length of the fracture, 40 
   (   ) m, and a fine length-scale,  ̂ comparable to the half-length of the 41 
proppant-filled regions or „columns‟,    ( ) m. The initial opening of the 42 
fracture,   , the fluid pressure within the fracture,   , as well as the 43 
compressive overburden stress normal to the fracture plane,    
 , vary at the 44 
coarse scale. However, these variations are expected to be negligible at the fine 45 
scale, except close to the wellbore (   ) or the fracture tips (| |    ). 46 
Hence, the problem geometry can be treated as periodic at the length-scale of 47 
the proppant columns (see Fig. 1) (Khanna et al. 2017). 48 
Based on the assumption of periodicity, a „unit-cell‟ problem can be 49 
formulated at the fine scale. Upon the application of the compressive stress of 50 
magnitude       
    , the proppant column and elastic rock undergo 51 
deformation in such a manner that the residual opening of the unit-cell,  ( ), 52 
| |   , is less than the constant initial opening    (Fig. 1). In the proppant-53 
filled region of the unit-cell, i.e. | |   ,    and  ( ) also represent the initial 54 
and final height of the proppant column. The fluid conductivity of the 55 
proppant-filled regions and open channels in the deformed configuration can 56 
123 
 
be determined from the solution of the residual opening profile using the 57 
Darcy‟s law and Poiseuille law, respectively (Witherspoon et al. 1980; 58 
Zimmerman & Yeo 2000). The effective conductivity of the unit-cell can be 59 
estimated from the conductivity of the two media using a suitable averaging 60 
procedure (Khanna et al. 2017). It is then straightforward to determine the 61 
optimal spacing between the proppant-filled regions,   , which maximises the 62 
effective conductivity of the unit-cell for given values of the parameters   ,   , 63 
and   . 64 
From a practical viewpoint, it is of 65 
greater interest to consider the effective 66 
conductivity of the entire fracture, rather 67 
than a unit-cell. The solution at the 68 
coarse scale can be obtained in a 69 
computationally efficient manner by 70 
adopting a homogenisation procedure. 71 
The homogenisation or averaging 72 
procedure replaces the numerous 73 
discrete proppant columns along the 74 
fracture length by a continuously-75 
distributed „fictitious‟ porous medium. 76 
The purpose of this paper is to develop 77 
the displacement-dependent traction and conductivity relationships for the 78 
fictitious medium, which is a necessary first step towards the solution of 79 
homogenised problem. The formulation of the unit-cell problem and the 80 
method of solution are briefly discussed first. 81 
Formulation of the unit-cell problem 82 
For the unit cell of the problem geometry, shown in Fig. 1b, the periodicity of 83 
the problem requires that: 84 
  (      )       (      )     (1) 
The traction boundary conditions along the crack faces can be stated as 85 
  












Fig. 1: (a) 2D model of a partially-filled 
hydraulic fracture, (b) detailed view of 
unit-cell (not-to-scale)





   (      )  {
   ( ) | |   
    | |   
  (2a) 
   (      )     (2b) 
where   ( ) is the continuous normal traction applied to crack surface by the 86 
proppant pack. The latter can be defined in terms of the crack opening 87 
displacement,  ( )    (      )    (      ) , using the traction law 88 
adopted for describing the uniaxial consolidation of the proppant pack. The 89 
remote boundary condition for the stress acting normal to the crack can be 90 
expressed as 91 
   (     )       (3a) 
   (     )     (3b) 
In Eqs. (2a)-(3a), the normal stresses are positive under tension. Finally, the 92 
equilibrium equation for the forces in the  -direction can be stated as 93 
∫  ( )  
 
  
         (4) 
The present study adopts a simple one-dimensional model for proppant 94 
consolidation, i.e. the lateral expansion of the proppant columns is ignored. 95 
The compressive stress at a given location in the proppant column,   ( ) is 96 
related to the change in height of the proppant column,     ( ) using the 97 
following power-law relationship (Khanna et al. 2017): 98 
  ( )   (




  (5) 
In the above equation, the constants   and   are the fitting parameters 99 
determined from experimental data. The height of the proppant column  ( ) 100 
lies in the interval (    - and Eq. (5) implies that      at  ( )     and 101 
     as  ( )   . 102 
For a unit-cell completely filled with proppant, i.e.     (see Fig. 1), the rock 103 
undergoes uniaxial deformation, i.e. the residual opening of the unit-cell is 104 
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constant. The latter can be obtained by substituting       into Eq. (5) as 105 
follows 106 








 | |     (6) 
For the more general case of a partially filled unit-cell, the residual opening 107 
varies as a function of the position   and the resulting stress and displacement 108 
field in the elastic rock must satisfy the boundary conditions given by Eqs. (1)-109 
(4). To ensure that the unsupported fracture faces do not come in contact, the 110 
spacing between the columns must be selected such that       (   ) 111 
remains greater than zero (see Fig. 1). 112 
Method of solution: Distributed Dislocation Technique 113 
The relative opening between the crack faces,  ( ) , is modelled by a 114 
continuous distribution of „edge dislocations‟. The singular integral equation 115 
which governs the distribution of the dislocations is derived in Khanna et al. 116 
(2017) and can be written as 117 
 ̅
  
∫  ( ) [
  
     
  (   )]   
 
 
      ( ) (  | |)        (7) 
where   ( ) is the unknown dislocation density function which represents the 118 
continuous distribution of dislocations,  ( ) is the Heaviside step function 119 
and the kernel  (   ) is given by 120 
 (   )  ∑
  (           )
*(   )       +*(   )       +
 
   
  (8) 
The dislocation density is related to the residual opening profile according to 121 
 ( )       ∫  ( )  
 
 
   ( )  
  ( )
  
        (9) 
The method of solution of the governing Eq. (7) is described in Khanna et al. 122 
(2017) and will not be discussed here. The elastic stress field in the rock in the 123 
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interval   ,   -,   ,   ) can be obtained from the superposition of the 124 
stress field in the absence of the fracture and the stress field induced by the 125 
dislocation density,   ( ), i.e. 126 
   (   )  
 ̅
  
∫  ( ),   (     )     (     )-  
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   (   )      
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∫  ( )[   (     )     (     )]  
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∫  ( )[   (     )     (     )]  
 
 
  (12) 
where the kernels    , which account for the periodic boundary condition can be 127 
obtained using the method described in Khanna et al. (2017) as  128 
   (   )  ∑
(     )((     )    )
((     )    ) 
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  (15) 
Similarly, the displacement field in the rock in the interval   ,   - ,   129 
,   ) can be obtained from the superposition of displacements in the absence 130 
of the fracture, the displacements induced by the dislocation density, and the 131 
rigid body motion at     due to the closure of the fracture under the remote 132 
compressive loading. Of particular interest is the y-component of the 133 
displacement, which can be written as 134 
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  (17) 
The integrals in Eqs. (10)-(12) and (16) can be evaluated using the Gauss-136 
Chebyshev quadrature method or numerically (Erdogan et al. 1973). The 137 
infinite summations in Eqs. (13)-(15) and (17) can be truncated at a suitably 138 
large value of  . 139 
Homogenisation procedure 140 
The aim of the homogenisation procedure is to replace the proppant column, 141 
which partially occupies the unit-cell, by an effective medium which fills the 142 
entire unit-cell. The nonlinear response of the effective medium is also 143 
described by Eq. (5), except for a multiplicative constant  , which varies with 144 
the geometrical parameters      and    and the remote stress,   . The constant 145 
  must be found in such a manner than the potential energy of the unit-cell, 146 
defined below, remains conserved. 147 
           (18) 
In Eq. (18),    is the strain energy of the rock in the deformed configuration 148 
over the region   ,    -,   (    ) and can be written as: 149 
    ∫ ∫ (
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where the stress components can be obtained from Eqs. (10)-(12). The above 150 
integral does not converge since the stress component    (     )     . 151 
However, it can be evaluated by truncating the outer integral at a sufficiently 152 
large value of   at which the kernels given by Eqs. (13)-(15) tend to zero. From 153 
a numerical convergence study,   (  )      was found to be a sufficiently 154 
remote boundary at which the stress field corresponded to Eq. (4).  155 
The term    in Eq. (18) corresponds to the strain energy stored in the deformed 156 
proppant column and can be obtained as: 157 
    ∫ ∫  (
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where        denotes the change in height of the proppant column. 158 
Finally, the term   in Eq. (18) represent the work done due to the 159 
displacement of the remote boundary upon which the compressive traction 160 
   (      )     is applied. It can be written as 161 
    ∫   (     )   (     )
  
 
    (21) 
Since the displacement field due to the dislocation density, i.e. the kernel 162 
  (   ) in Eq. (16) tends to zero at the remote boundary    , the work done 163 
can be written as 164 
     
   




 )    (       )    (22) 
A unit-cell filled entirely with the effective medium undergoes uniaxial 165 
compression and the strain energy stored in the rock over the region   166 
,    -,   (    ) is simply given by 167 
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where    is the constant opening of the fracture filled with the effective 169 
medium, and can be obtained similar to Eq. (6) as: 170 








  (25) 
Analogous to (22), the work done at the remote boundary is 171 
      
   




 )    (    
 )    (26) 
The equivalence of potential energy requires that     , i.e.         172 
  
    
    . Utilising Eqs. (19)-(26), the potential energy equivalence 173 
requirement can be stated as 174 
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(27) 
Eq. (27) is satisfied by a unique value of the constant   which can be obtained 175 
using a suitable root finding algorithm. 176 
Numerical results 177 
In this section, some numerical results are presented for the effective properties 178 
of the homogenised medium. In these numerical calculations, the initial 179 
opening    is fixed at 5 mm and the width of the proppant filled region,    is 180 
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fixed at   m. The Young‟s modulus and Poisson‟s ratio of the rock are selected 181 
to be      GPa and      , which are typical values for oil/gas bearing 182 
rocks. The fitting parameters in Eq. (5) are selected to be         MPa and 183 
       . 184 
The first step of the analysis is to determine the critical spacing between the 185 
proppant columns,   , at which the minimum residual opening of the unit-cell, 186 
      (| |   ) equals to zero, i.e. the fracture walls come in contact (see 187 
Fig. 1b). This critical value of proppant column spacing,     , corresponds to a 188 
drastic reduction in the fluid conductivity of the open channels. The selection 189 
of proppant column spacing greater than this critical value will result in sub-190 
optimal increase in the effective fracture conductivity, hence represents a case 191 
of little practical interest. The dependence of     on the remotely applied 192 
compressive stress    was obtained through an extensive parametric study and 193 
the results are presented in Fig. 2. The best fit equation recovers the limiting 194 
cases, i.e.        as      and           m as     . 195 
 196 
Fig. 2: Envelope showing combinations of proppant column spacing,    and remotely 197 
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Fig. 3: Contour plot showing the variation of the effective medium stiffness constant   202 
upon proppant column spacing and remotely applied stress.. 203 
Numerical results for the constant   are obtained for the remotely applied 204 
stress in the range          MPa with increments of 1 MPa and the 205 
proppant column spacing in the range            m, with increments of 206 
0.05 m. A spline function was fitted through the discrete data points to obtain 207 
the interpolated value of the constant   for any combination of parameters    208 
and    which yield     >   as shown in Fig. 3. 209 
Conclusion 210 
In this paper, the periodic system of proppant columns within a hydraulic 211 
fracture is replaced by a continuous distribution of springs along the fracture 212 
length using a homogeneous procedure. The energy conservation principle and 213 
the solution for “unit-cell” developed in Khanna et al (2017) are utilised to 214 
define the traction-law for the nonlinear springs. The numerical results present 215 
the effective medium stiffness constant   according to any combination of 216 







proppant column spacing and the confining stress. The application of the 217 
effective medium stiffness concept allows a significant reduction of the 218 
complexity of the problem and an application of well-developed methods of 219 
Fracture Mechanics to evaluate the residual opening of a periodically 220 
supported fracture. The outcomes of this work provide the first necessary step 221 
to analyse the hydraulic channel fracturing technique, which is of great interest 222 
for gas and oil industries.  223 
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Summary and recommendations 
8.1. Summary of the outcomes 
In this thesis, a number of advanced analytical models were developed, 
which are capable to incorporate the several important governing mechanisms 
and effects associated with deformation and discontinuous placement of 
proppant, initial hydraulic fracture opening and fluid flow in narrow channels. 
By using an analytical framework, a number of multi-parametric studies were 
conducted to evaluate the optimal normalised spacing between proppant 
columns that maximises the overall fluid conductivity of channel fractures as a 
function of different stress conditions, mechanical properties of the proppant 
and rock formation. The developed solutions also capture the size effect of the 
proppant columns, which is impossible to investigate in-situ or experimentally 
due to the relatively small size of laboratory samples in comparison with the 
actual hydraulic fracture dimensions. The evaluation and validation of the 
developed models in this thesis was accomplished via the sensitivity studies 
and by comparing the theoretical predictions with available field observations. 
It is also recognised that more work is needed to find the fitting constants in the 
proposed empirical equations describing the properties and interaction of rock 
and proppant as well as to validate the developed mathematical models, 
theoretical solutions and general conclusions. Further, the main outcomes of 
the present thesis will be described chapter by chapter excluding the first three 
introductory chapters, which were included into the thesis to provide the 
cohesiveness and completeness of the thesis. 
Chapter 4: Residual opening of hydraulic fractures created using the channel 
fracturing technique 
In this Chapter, a general solution was developed to analyse a partially-
filled fracture created by the channel fracturing technique. For simplicity, the 
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actual 3D problem was simplified and the problem geometry was reduced to 
2D shape. The proppant packs (columns) were assumed to be regularly 
distributed along the fracture length. So, the problem was analysed using one 
representative unit cell instead of considering the whole of fracture length. The 
mechanical response of the proppant columns under compression was 
simulated based on an empirical equation accounting for the proppant 
consolidation phenomenon. The equation was calibrated using available 
experimental results. A numerical procedure was developed based on Newton 
Raphson iterative scheme to allow for a parametric study in order to identify 
the optimal conditions, which maximise the fluid conductivity.  
Chapter 5: Optimisation of proppant use in the application of the channel 
fracturing technique 
This Chapter largely extends the theoretical framework presented in the 
previous Chapter. An advanced mathematical model was proposed to 
incorporate the effects of the mechanical properties of the rock formation and 
proppant packs, the magnitude of the compressive in-situ stresses, as well as 
the different proppant placement patterns on the residual opening profiles and 
effective fluid conductivity. Various important deformation mechanisms 
including the linear elastic deformation of the rock, the non-linear 
consolidation of the proppant packs and the indentation of proppant particles 
into the rock formation were incorporated into this advanced model. In 
particular, it was demonstrated that the channel fracturing technique is much 
more efficient for hard rock rather than for soft rock formations.  
Chapter 6: On the application of the channel-fracturing technique to soft rock 
formations 
This Chapter is specifically focused on the application of the channel 
fracturing technique for soft rock formations, in which the influence of the 
proppant embedment on the fracture conductivity can be quite significant, so it 
needs to be properly incorporated into the modelling. The soft rock formation 
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was modelled as previously: as a linearly elastic, isotropic, and homogeneous 
medium. The proppant response was represented as a synthesis of the nonlinear 
response of the proppant to the consolidation and the linear response to the 
embedment. The empirical models for the proppant consolidation and proppant 
embedment were proposed based on the previously published experimental 
results, which are quite limited.  An analytical approach, as elsewhere in this 
thesis, was based on the Distributed Dislocation Technique, which was adopted 
for particular problems, e.g. in this Chapter to evaluate the optimal parameters 
of the channel fracturing technique. A parametric study under typical field 
conditions was conducted to identify the optimal parameters leading to the 
maximum fluid conductivity enhancement.  
Chapter 7: On the coarse-scale residual opening of hydraulic fractures created 
using the Channel Fracturing technique 
In this Chapter, the discontinuous placement of proppant within a fracture was 
considered taking into account the variation of the confining stress and the 
opening along the fracture length. The discrete proppant columns were 
replaced by a continuous distribution of nonlinear springs along the fracture 
length, and the effective mechanical response of these springs on a large scale 
was selected to be equivalent to the discrete columns. The traction-law for 
these springs was developed using the energy conservations along with the 
solution for the “unit-cell” proposed in the previous chapters. The results were 
presented in terms of the effective medium stiffness constant for various 
combinations of the normalised proppant column spacing. 
 8.2.   Recommendations for future work 
It is well known that analytical models normally offer a high degree of the 
transparency, repeatability, reproducibility and computational efficiency. 
However, this type of models suffers from unavoidable simplifications and 
reliance on a number of rather radical assumptions. It is clear that this reliance 
can affect the accuracy and adequacy of the theoretical results. Despite that a 
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number of modelling assumptions have been utilised in many similar analytical 
studies in the past, some of them still need to be validated and further assessed. 
It seems, there is a common agreement that the main value of analytical models 
is in their ability to predict the tendencies rather than particular values of a 
complex process, such as the hydraulic stimulation. Another advantage of 
analytical models and analytical approaches is their suitability for the 
optimisation purposes, here they can compete with more sophisticated 
numerical methods. These two aspects of analytical models are the main 
drivers behind the current project, and, as expected, for the future studies. 
As mentioned above, the validation of the adopted proppant consolidation 
and embedment models are vital for the accurate predictions of the well 
efficiency. Therefore, the future work should strongly focus on the 
experimental validation of the adopted empirical models. However, it is 
expected that there will be no significant impact on the developed modelling 
approach if more appropriate empirical equations describing the proppant 
consolidation and embedment or fluid flow or proppant placement models to 
be used in the future. Thus, the theoretical developments described in this 
thesis can be easily adopted, adjusted and modified in accordance with the 
future finding, if necessary. 
From practical point of view, the outcomes of this thesis can be used as a 
guidance in the improvement and optimisation of the channel fracturing 
technique in order to maximise production rates as well as to decrease proppant 
use by controlling the relative duration of the proppant-laden pulses during the 
injection state. However, the application of these theoretical models needs a 
strong support from the industry and quite significant financial commitments. 
As mentioned before in the Introduction, the increased competitiveness of the 
current resources and commodities marked could encourage the industry to 
search for more efficient ways to recover the energy resources and, eventually, 
adopt some of the modelling approaches to direct and guide the further 
developments and technologies. 
 
